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Abstract

In joint work with Manjul Bhargava (see [7]), we proved that the average rank of
rational elliptic curves, when ordered by their heights, is bounded above by 1.5. This
result was accomplished by using Bhargava’s geometry-of-numbers methods (devel-
oped in [1] and [2]) to obtain asymptotics for the number of GLy(Z)-orbits on integral
binary quartic forms having bounded invariants.

This thesis extends the methods of [7] and generalizes the counting results to the
space of binary quartic forms over the ring of integers of any number field. As a
consequence, we prove that the average rank of elliptic curves over any number field

1s at most 1.5.
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Chapter 1

Introduction

Let F' be a number field, i.e., a finite extension of Q. Any elliptic curve F/F may be
expressed as

E:EA7B:y2::U3—|—A:v+B,

where A, B € F. We may further assume that A and B are contained in O, the ring
of integers of F. We may further assume that if a* | A and of | B for a € O, then «
is a unit (i.e., « € O*). If these two conditions are satisfied, we say that F4 p is in

reduced short Weierstrass form. We then define the height of E4 p to be
H(E4p) = max{4H(A)* 27H(B)*}, (1.1)

where the height H(«) of an element o € O is defined to be the maximum of its
Archimedean valuations (see (2.1)).

Our goal in this thesis is to prove the following theorem.

Theorem 1.0.1. When elliptic curves E4 g/ F in reduced short Weierstrass form are

ordered by height, the limsup of their average rank is finite and bounded by 1.5.

We prove Theorem 1.0.1 by obtaining an upper bound for the average size of the

2-Selmer group of these elliptic curves. Recall that Sy(E), the 2-Selmer group of E,

1



is a finite abelian 2-group and fits into the exact sequence

0— E(F)/2E(F) — S3(E) — g[2] — 0, (1.2)

where 15 [2] denotes the 2-torsion subgroup of the Shafarevich-Tate group Il of E.
The 2-Selmer group has order 2° for some integer s > 0, and s is called the 2-Selmer
rank of E. Thus the 2-Selmer rank of E gives an upper bound for the rank of E. Our

main theorem on the 2-Selmer group is as follows:

Theorem 1.0.2. When elliptic curves E4 p/F in reduced short Weierstrass forms
are ordered by height, the limsup of the average size of their 2-Selmer group is at

most 3.

Since 2s < 2°, the above theorem proves that the average rank of the 2-Selmer group
is bounded by 1.5. Thus, Theorem 1.0.2 implies Theorem 1.0.1.
In joint work with Manjul Bhargava, we proved Theorem 1.0.1 for F' = Q. In

fact, we proved something stronger:

Theorem 1.0.3 ([7]). When all elliptic curves E/Q are ordered by height, the average

size of the 2-Selmer group So(E) is 3.

We proved the above theorem by counting integer orbits, having bounded in-
variants, for the action of GLy(Z) on the space on integral binary quartic forms.
The group GLy(Z) acts on the space of integral binary quartic forms f(x,y) =
axt + bxdy + cx?y? + day?® + ey* (with a, b, ¢, d, e € Z) by linear change of variable.
The ring of invariants for this action is generated (at least over C) by two independent

invariants denoted I and J. For f(z,y) as above, these invariants are given by:

I(f) = 12ae —3bd + ¢, (13)

J(f) = T2ace + 9bed — 27ad? — 27eb?* — 2¢3.



We define the height of f(x,y) by H(f) := max{|I|?, J?/4} and ask the question:
what is the number of GLy(Z)-orbits on integer binary quartic forms having height
bounded by X7 Using techniques developed by Bhargava in [1] and [2], we determine
asymptotics for this number.

To apply the result involving binary quartic forms to determining the average size
of the 2-Selmer group of rational elliptic curves, we proceed as follows: an element
in the 2-Selmer group of an elliptic curve E over Q (or indeed, over any number

field) may be thought of as a locally soluble 2-covering of E. A result of Birch and

Swinnerton-Dyer (see [10, Lemma 2|) asserts that a locally soluble 2-covering pos-
sesses a canonically associated degree 2 divisor defined over QQ, thus yielding a double
cover C' — P! ramified at 4 points. This produces a locally soluble binary quartic
form. We use this connection and the counting result on binary quartic forms to
prove Theorem 1.0.3.

This thesis closely follows the proof of Theorem 1.0.3. In Chapter 2, we first
recall some basic notions about number fields. Then, for a number field F, we pre-
cisely state the connection between the 2-Selmer group of an elliptic curve E/F and
PGLy(F)-orbits on binary quartic forms over F. In Chapter 3, we then prove our
main counting result by determining asymptotics for the number of PGLy(QO)-orbits
on binary quartic forms over O, where O is the ring of integers of our number field
F. In fact, we prove a more general result that allows us to replace PGLy(O) with a
subgroup I" that is commensurable with it, and replace the set of binary quartic forms
over O with certain weighted sets £ of binary quartic forms that are I'-invariant, so
long as these weights are defined by congruence conditions. If they are defined by
finitely many congruence conditions, then we obtain exact asymptotics for our count.
However, for our applications we require weights that are defined by infinitely many
congruence conditions. In this case, we only obtain upper bounds for the number of

weighted orbits having bounded height. We hope to carry out the sieve required for



lower bounds (which is one of the more technical parts of [7]) in future work.

In Chapter 4, we first express the number of locally soluble PGLy(F")-orbits on
binary quartic forms over F' having bounded height as a sum of the number of weighted
I-orbits on £ (I' and £ as above). We then prove that the weights on £ are indeed
defined by congruence conditions by expressing them as products of local weights.
Finally, in Chapter 5, we tie together the results from previous chapters to prove our
main theorems.

The proofs of the results in Chapter 4 can be both clarified and greatly simplified
by following the approach of Poonen [20]. The idea is to embed the space of binary
quartic forms over F' into a discrete lattice in the space of binary quartic forms over
the adeles Ap. Since it is rational orbits (as opposed to integral orbits) that we are
interested in understanding for our purpose here, this approach would be significantly
faster and cleaner.

Finally, we note that the results of this thesis are special cases of forthcoming joint
work with Manjul Bhargava [8] in which we list a set of general assumptions on (G, V)
that are used to obtain asymptotics for the number of “irreducible” Gz-orbits on V.
These assumptions have already been shown to hold for many such representations
(see [1], [2], [4], [9], [5], [6]). We then show in [8] that these same assumptions in fact

imply that the analogous results hold when Q is replaced with any global field.



Chapter 2

Preliminaries

2.1 Basic notions for number fields

Throughout this thesis, we shall work over a number field F' that is a degree n
extension of Q. We shall assume that F' has r real embeddings and s pairs of complex
embeddings. Thus we have r 4+ 2s = n. Let Arch(F') denote the set of Archimedean

embeddings of . We define F, by

Fo:= [] Fo

vEArch(F)

which is a product of r copies of R and s copies of C and has real dimension equal
to n. We denote the diagonal embedding of F' into F, by ¢, and throughout this
thesis we identify F' with its image ¢(F') C F.. Let O denote the ring of integers of
F. Then ¢ maps O into a lattice in F,, having finite covolume equal to \/W ,
where Disc(F) is the discriminant of F.

Recall that the norm map N : F' — R is defined to be

N(@) = ] leb,

vEArch(F)



for o € F. We naturally extend N to all of i, by defining the norm of (o, ),earen(r)
to be [, caren(r) [wlv- Note that the image of the restriction of N to O is contained
in Z. Furthermore, if £ C F, is any lattice commensurable with O, then the image
of N restricted to L is discrete in R.

The norm provides an unsuitable partial ordering on O because the number of
elements in O having bounded norm is usually not finite. In fact, unless F' = Q or
a quadratic imaginary field, the group of units in O, which all have norm +1 is not

finite. Therefore, we define the following height function on F:

H((ay)y) := max{leu |, }, (2.1)

where || is the absolute value of o if @ € R, and |a| = a* +0? if @ = a +ib € C.
The function H also provides height functions on F' C F,, and O C F,, via their
embedding ¢ into Fi.

The set F,.(X) consisting of elements in F,, having height bounded by X is
compact. To estimate the number of elements in O having height bounded by X, we

have the following theorem proved by Davenport [15].

Theorem 2.1.1. Let R be a bounded, semi-algebraic multiset in R™ having mazimum
multiplicity m, and that is defined by at most k polynomial inequalities each having
degree at most £. Then the number of integer lattice points (counted with multiplicity)

contained in the region R 1is

Vol(R) + O(max{Vol(R),1}),

where Vol(R) denotes the greatest d-dimensional volume of any projection of R onto
a coordinate subspace obtained by equating n — d coordinates to zero, where d takes
all values from 1 ton—1. The implied constant in the second summand depends only

onn, m, k, and (.



The following result, which is the simplest case of the type of results we prove in
this thesis, is a corollary of Theorem 2.1.1. Let 7 = (7,,),, be a Tamagawa measure on
the ring of adeles A of F'. Let dao =[] Arch(F) Tv be the corresponding Haar measure on
F.. Finally, let N(O; X) denote the number of elements in O having height bounded
by X.

Corollary 2.1.2. With notation as above, we have
N(O:) = Vol Fu GOV T [+ OX ),
P 7 Ow

where the volume of sets in Fy, is taken with respect to do, and B runs over all finite

places of F.

Proof. By the definitions of N(O; X) and ¢, we have
N(O; X) = #{F(X) N 1(O)}.
Since Fi(X) is a compact subset of Fl,, = R" @ C* = R", Theorem 2.1.1 implies that
N(O; X) = Volp(Fy (X)) + O(X™1),

where the volume Volp (F, (X)) is taken with respect to Haar measure on Fi, normal-
ized such that O C F,, has covolume 1. Classical results state that O has covolume
Disc(F') in Fi, under the measure da. From the well-known equality || AT = 1,

we deduce that

1
1;3[/(% ™ \/Disc(F)

Therefore, the corollary follows. ]



2.2 Binary quartic forms and the 2-Selmer groups
of elliptic curves

Throughout this thesis, we work with the algebraic group G := PGLs, and its repre-
sentation on V = Sym*(2), the space of binary quartic forms. For any ring R, we let
Gr and Vi denote the R-points of G and V, respectively. The action of Gr on Vj is

as follows: if v € Gg and f(z,y) € Vg, then we have

v flz,y) = f((z,y) - ).

(det y)?

This representation (G, V') is coregular [3]. This means that the ring of invariants
for the action of G¢ on V¢ is free. In fact, it is freely generated by two elements.
These invariants are traditionally denoted I and J, and are given by

_ _ 2
I(f) = 12ae —3bd + ¢?, 2.

J(f) = T2ace+ 9bed — 27ad* — 27eb? — 2¢3,

where f = ax* + bay + ca’®y? + day® + ey? is an element of Vi. Every polynomial
invariant for the action of G¢ on V¢ is a polynomial in [ and J. For example, the

discriminant A(f) of f can be expressed as

A(f) = AU(S), I(f) = (4I(f)* = J(f)*)/27.

For any ring R, we let Invy denote the space R x R and think of an element I =
(I,J) € Invg as a possible pair of invariants of an element f € V.

We now detail the connection between binary quartic forms and the 2-Selmer
group of elliptic curves. We say that a binary quartic form f over a field K is K-
soluble if the equation 2% = f(x,y) has solutions with x,y,2 € K and (z,y) # (0,0).

Then we have the following theorem which is a consequence of [14, Proposition 2.2]
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and [13, §3-5 and Remark 1]. For more details, see [3].

Theorem 2.2.1. Let K be a field having characteristic not 2 or 3. Let E : y* =
% — éx — 2—‘]7 be an elliptic curve over K. Then there exists a bijection between ele-
ments in E(K)/2E(K) and PGLy(K)-orbits of K-soluble binary quartic forms having
mvariants equal to I and J, given by

(€1) + 2B(K) - PGL(K) - (0" = Jer 4 200+ (3 - 560 ) ).

Under this bijection, the identity element in E(K)/2E(K) corresponds to the PGLy(K)-
orbit of binary quartic forms that have a linear factor over K.

Furthermore, the stabilizer in PGLo(K) of any (not necessarily K-soluble) binary
quartic form f in Vi, having nonzero discriminant and invariants I and J, is iso-

morphic to E(K)[2|, where E is the elliptic curve defined by y*> = x3 — éx — 2—‘]7

Now, let F' be a number field. For an elliptic curve E4 p/F in reduced short
Weierstrass form, we define the invariants
I(Esp) = —3-2'- A,

(2.3)
J(Erp) = —3-2° B.

Denote the elliptic curve having invariants I and J by E?’/. We say that a binary
quartic form f over a number field F' is locally soluble if f is F, soluble for each

completion F, of F'. We then have the following theorem relating the 2-Selmer group

of EX/ to binary quartic forms having invariants I and J:

Theorem 2.2.2. Let E = E7 be an elliptic curve over F. Then the elements of
the 2-Selmer group of E are in one-to-one correspondence with PGLy(F')-equivalence

classes of locally soluble integral binary quartic forms having invariants equal to 1

and J.



Furthermore, the set of integral binary quartic forms that have a rational linear
factor and invariants equal to I and J lie in one PGLy(F')-equivalence class, and this

class corresponds to the identity element in the 2-Selmer group of E.

10



Chapter 3

Counting GGn-orbits on integral
binary quartic forms of bounded

height

As before, we work over a number field F' which we identify with its image under the

embedding ¢ : F' — F. Let Vp_ and G denote, respectively, the products

VFoo = H VFV 3

vEArch(F)

GFoo = H GFV'

vEArch(F)

The space Vi embeds in Vi and under this embedding, Vo maps into a lattice having
finite covolume. We have a natural action of Gr_ on Vp_ where elements in Gp
act component-by-component on Vi_. It is important to note that under this action,
Go C Gp,, (resp. Go C G,) preserves Vo C Vi (resp. Vo C Vi,).

We now define a height function on Vp_. Since Vy and Vi» embed into Vi, this

11



will also give height functions on them. The space Invy_ is given by

IDVFOO = H IHVFD
vE€Arch(F)

and is a product of r copies of Invg = R? and s copies of Inve = C2. We have a

natural G'p,_-invariant map

inv: Ve, — Invg,

(f17 <o 7fr+s) = ((](f1)7 J(fl))7 ] ([(fr—i-s)? ‘](fr—i-s)))

(3.1)

which we use to define a height function on Vr_. Let H : Invp_ — R be the height

function defined by
H((Il7 Jl)a SRR (IrJrsa Jr+s)) = ; Hlai( s maX(’[i‘:s? ’Jl|2/4> (32)

We define H : Vi, — R to be be H(inv(v)).
In this chapter, our aim is to determine asymptotics for the number of Gn-orbits

on Ve having bounded height.

3.1 The case F=Q

We start with the case F' = Q. For any Gz-invariant set S C V7, let N(S; X) denote
the number of irreducible Giz-orbits Gz - f on S with 0 < H(f) < X, where the orbit
of f € S is counted with weight 1/#Autq, (f).

In joint work with Manjul Bhargava, we proved the following theorem:

Theorem 3.1.1 ([7]). We have

44
N(Vg;: X) = E)(5/6 + o(X%/9).

12



In what follows, we briefly sketch a proof of the above theorem. The proof in the

case of a general number field F' will closely follow these ideas and methods.

Step 1: Reduction theory

For ¢« € {0,1,2}, let VR@ denote the set of binary quartic forms in Vi that have
nonzero discriminant and 4 pairs of complex conjugate roots in P{ (and 4 — 2i real
roots in Pg). Elements in VH@ are definite forms. We denote the set of positive
definite forms in Vﬂg) by VH§2+) and the set of negative definite forms by Vﬂg_). In
this step, we construct a finite cover of a fundamental domain for the action of Gy
on Vﬂéi) for i € {0,1,24+,2—}.

First, we construct fundamental sets R for the action of Gg on Vﬂéi). To do this,

we need the following facts (see [12, Remark 2]).

1 Let (1,J) in R x R with A(Z,.J) > 0 be fixed. Then the set of binary quartic
forms in Vi having invariants [ and J consists of three Gg-orbits. There is one
such orbit in Vﬂéo), VRQJF), and VRQ_). Furthermore, the stabilizer in Gr of an

element in any of these orbits is isomorphic to Z/2Z x Z/2Z.

2 Let (/,J) in R x R with A(7,J) < 0 be fixed. Then the set of binary quartic
forms in Vg having invariants I and J consists of one Gg-orbit that lies in VHS).

Furthermore, the stabilizer in Gk of any element in this orbit is isomorphic to

7.)27.

Using these facts, we follow [7, Table 1] and construct fundamental sets for the
action of Gy on Vﬂéi). In [7, Table 1], we had listed fundamental sets L for the action
of GL2(R) on VR@; to then construct a fundamental set for the action of PGLy(R) on
VHS), we merely multiply L® with Rs.

We list two important properties of these sets that will be crucial in what follows.

The first is straightforward. The second follows because the set of all the coefficients

13



1
R&?) = {A(x3y—§xy3—%y4> 2 < J <2, )\ER>0}
I +2
Rg) — {)\(x3y—§xy3+§y4) -1 T <, )\GR>0}
3 L g J
U {)\(xy—i——xy ——y):—2<J<2,)\ER>O}
3 27
1 2—J 1
R — {,\(_4_ Sy + —ay? 4):—2<J<2 ANER }
R = {f:—feR¥)

Table 3.1: Explicit constructions of fundamental sets RS) for PG’LQ(R)\VRQ)

of all the elements f € L is absolutely bounded.

1. For any g € Gy and i € {0,1,2+,2—}, the set g- R%) is a fundamental set for

the action of Gr on Vﬂéi).

2. The size of each coefficient of f € R having height X is bounded by O(X'/9).
(The exponent 1/6 arises since the height is a Gg-invariant degree 6 function

on Vg.)

Next, we choose a Siegel domain & C Gy that contains a fundamental domain F
for the action of Gz on Gg. Let Gg = NTK be the Iwasawa decomposition of Gg,
where N is the set of lower triangular matrices with 1’s on the diagonal, T is the split
torus in Gg, and K = SO3(R) is the maximal compact subgroup of Gg. Then we

choose & to be & = N'T'K, where

N'(t) = 1 u € {—1 1} T = - 6> V3/V2 ), K =S0y(R).

Is it well known that & contains a fundamental domain for the action of Gz on Gg.

Let F be any such domain and consider the multiset F - R®), where the multiplicity

14



of . € Vg in F - RY is defined to be the number of pairs (g, f) € F x R® with
g+ f = z. In the discussion surrounding [7, Equation (8)], we show that that the G-
orbit of z € Vi is represented #Autg, (v)/#Autg,(z) times in this multiset. Hence,

we obtain the following proposition:

Proposition 3.1.2. Let g be any element in Gg. We have

i 1 ) irr
NV X) = —#{F - ROX) N V"),

where RY(X) denotes the set of elements in R® having height bounded by X, the
set VI denotes irreducible elements in Vz, and n; is given by ng = ngy = ny_ = 4,

n1:2.

Step 2: Averaging and cutting off the cusp

The main difficulty in estimating the number of integral points in F - R¥(X) is
that the region is not bounded since F is noncompact. In this key step, we use the
averaging technique of Bhargava, developed in [1] and [2], that allows us to estimate
N (VZ(i); X) by counting integral points in bounded domains. To this end, let Gy be
a fixed K-invariant compact set in Gr such that Gq is the closure of some nonempty

set. Proposition 3.1.2 implies that we may write

ey #lo € - ROX) 1Y dh
n; fheGo dh ’

NV X) (3.4)

where dh is any Haar measure on Gg = PGLy(R). The denominator of the right hand
side in (3.4) is a constant depending only on Gy and i. We denote it by C’g()) For

now, we choose dh to be the Haar measure t~2dnd*tdk on Gg = NTK. Following [7,

15



(11)—(16)], we obtain

ngN<VZ(Z)ﬂX) - o #{Qj c Fh- R(l)(X) N VZirr} dh
€Go

— / #{x € V" NgGy- RY(X) )t 2dnd*tdk  (3.5)
gEFCN'(OT'K

= / #{x € VI N gGy - RY(X) Wt 2dn d*t,
g=N'(t)T"CF

where the final equality follows from the fact that G is K-invariant and dk is nor-
malized to have measure 1.

We write B(n,t; X) = (1) (*",)Go- R¥(X) and estimate the number of inte-
gral points in it using Theorem 2.1.1. This yields good estimates when ¢ is “small”
compared to X. Let C be a constant such that C X' is an upper bound on the
coefficients of the elements in R (X). If t* > C X%, then the z-coefficient of any
element in B(n,t; X) has absolute value less than 1. Then any integral binary quartic
form in B(n,t; X) must have z*-coefficient equal to 0 and so is reducible. In other

words, we have the following proposition.

Proposition 3.1.3. The number of integral binary quartic forms (ax*+bx3y+cx?y?+

dzy? + ey?) € B(n,t, X) with a # 0 is given by

0 if t > CV/AX1/24,

Vol(B(n,t, X)) + O(t*X*) otherwise.

The proof follows that of [7, Proposition 2.7].

16



Denoting the set {ntk € F :t < CV4X/?*} by F', we have

NV X) = //Vol (n,t, X))t 2dn d*t + O(Ey) + O(E,)
nt€.7:’

— O() //Vol (n,t, X))t 2dnd*t + O(E;) + O(Ey) + O(E3)

ntE]:

= —vol(f - R(X)) + O(Ey) + O(E,) + O(Es),

n;

(3.6)
where F, F5, and E3 are given by
B = o(// #1B(n,t,X)N VZred}t_ZdndXt>,
nteF’!
E2 = O(//t4X4/6t_2dndXt>, (37)
nteF!
By = 0( // vol(B(n,t,X))dendXt).
nteF\F'

In the above definition of Fy, the set V¢ denotes the set of f € V that are reducible
over Q.
Since Vol(B(n,t, X)) is seen to be O(X°/%), the terms F, and Ej are easily com-

puted to be O(X3/*). We bound E; by o(X%/%) in the next step.

Step 3: Bounds on the number of reducible orbits

In this step, we show that

cl/4x1/24

/ / #{B(n,t, X) N VENt2dnd*t = o(X*/9).

&\ﬁ

If f is an element of V24, then the reduction of f modulo p is reducible over F,, for
every prime p. Denote the set of irreducible binary quartic forms in Vg, by Vﬁff. Since

the number of F,-conjugate quadruples of distinct points in Fya is (p* —p® —p? +p) /4,
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it follows that that #Vi" > (1/4 — o(1))#V,. Therefore, for every positive number

Y, there exists a large enough number X such that when ¢ < X'/?*  we have

H#{B(n,t, X) NV =0 (Vol(B(n,t,X)) I1 (1 - i + 0(1))) .

p<Y

Since Hpgy(l —1+0(1)) = 0asY — oo, we are done.

Remark: It would in fact be sufficient to have the weaker estimate #Vf}rf > I%#V]Fp
since [[,<y (1 —1/p) — 0 as Y — oo. This observation will be useful for spaces that

are more complicated than the space of binary quartic forms.

Step 4: Computing the volume

The results of the previous step combined with (3.6) imply that to complete the proof
of Theorem 3.1.1, we only have to compute the volume of F - R®(X).

The sets R are in canonical one-to-one correspondence with the set {(I,.J) €
RxR:A(l,J) >0} fori € {0,24,2—}, and with {(I,J) e Rx R : A(/,J) < 0} for
i = 1. We impose the measure dI/d.J on these sets R%). Let w be a differential which
generates the rank 1 module of top-degree differentials of G over Z. (w is well-defined
up to sign.) Consider the natural map 1 : Gg x R®¥ — Gg - R%Y. It is shown in
[7, Proposition 2.8] that the Jacobian change of variables of ¢ is a rational constant

J = 1/27. Therefore, we have

1 2
dv:—/ /dgdldJ:—-gz/ dI dJ,
/f-RWX) 2T Jrix) J 7 27 o) R (x)

where the final equality follows from the fact that Vol(Fpgr,) = 2((2) (see [18]).

When ¢ = 0 or 2, we compute fR<i>(X) dI dJ to be

x1/3 273/2 8
dldJ = —X°/5 (3.8)
=0 5

—_973/2
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Meanwhile, [, dI dJ is equal to

P(x)

x1/3 2x1/2 8 32
dId.J — Vol(RY (X)) = 8X5/6 — 5)(5/6 = 22 X5/6, (3.9)

J=—X1/3 j=*2X1/2 5

This completes the proof of Theorem 3.1.1.

3.2 Preliminaries for the general case

We now consider the case when F' is a number field of degree n. With notation as
in the beginning of this chapter, let [' C Gy be a subgroup commensurable with Go
and let £ C Vg be a ['-invariant lattice commensurable with V». For any I'-invariant
subset S C L, let N(S,T"; X)) denote the number of I'-orbits on S having bounded
height, where each orbit I'-v is counted with weight 1/#Stabr(v). Our aim in the rest
of this chapter is to determine asymptotics for N(£™,T'; X), where £™ C £ denotes

the set of binary quartic forms in £ that have no linear factor over F'.

3.3 Reduction theory

In the next four sections, £, Vi, I', and G will respectively play the roles that V7,
Vi, Gz, and Gy, played in the case of F' = Q. We now describe what the analogues of
the sets Vﬂéo), Vﬂél), and Vﬂgi) are. Let Xy o, the set of splitting types of V' at infinity,
be {0,1,2+,2—}". For 0 € Yy with 0 = (04, ...,0,), we define v}j’j to be the set
of all (f1,..., fres) € Vi, such that f; € Vi fori € {1,...,r} and f; € V27 for
ie{r+1,....,r+s}. If r =0, then Xy, consists of just one point o, and V;jo) is
the set of points in Vi such that each component has nonzero discriminant. In this
section we describe the reduction theory for the action of I' on V}jj for o € Yy . We

start with the following lemma:
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Lemma 3.3.1. For fized 0 = (0;) € Ly, the size of the stabilizer in Gp, of v € Vfﬁj

is independent of v. We denote this size by #Aut(o) which is given by

#Aut(o) = 4° H N,
i=1

where ng = Na+ = 4 and ny = 2.

Proof. We had already stated that the size of the stabilizer in Gy of v € V]Rgi) is equal
to 4 when ¢ = 0, 24, or 2—, and equal to 2 when ¢ = 1. Furthermore, it follows from
Theorem 2.2.1 that the size of the stabilizer in G¢ of v € VéAﬂ)) is equal to 4. The

lemma follows immediately from these facts. m

Analogously to the case F' = Q, we construct fundamental sets for the action of
Gp, on V}:o). To this end, we first study the image of inv when restricted to Vé:o).

Let Yy 00 denote the set {—1,1}". Consider the map

nv:Yye — Vv

(3.10)
(0:) = (inv(oy)),
where inv(1) = —1 and inv(0) = inv(2+£) = 1. For a = () € Yy, let Inv(;:l

denote the set of ((I1,J1),..., (Lrys, Jrss)) € Invg_ such that A(1;, J;) € a;R+q for

ie{l,...,r} If £ e Vi then A(f) = AI(S), J(f)) is positive if i = 0 or 2+ and

negative if i = 1. Thus the image under inv of v};’ is Inv%f:(a)) :

The fact that (G, V) is coregular implies that if I € Inve has nonzero discrimi-
nant, then the set of elements in V¢ having invariant I consists of one G¢-orbit. In

conjunction with the first fact stated in Step 1 of Section 3.1, we infer that for a fixed

0 € Yy and an element I € Invg:(a)), the set of elements in V,?) having invariants

g
I consists of one Gp_-orbit. Therefore, to construct a fundamental domain for the

action of G, on V}:O), it suffices to pick one element in Vé:c) having invariants I for

each I € Inv ;nv(o)). We have already constructed fundamental sets for the action of

(
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GRr on V]Rgi) for i € {0,1,2+,2—}. The following is a fundamental set for the action
of G¢ on V(C(A#)):

I J
,_ 3, L 3 4 4. _ X
RV.—{)\<xy %Y 27y>.(I,J)E(C><C, H(I,J)=1, AxeC }

Then R := ], R is a fundamental set for the action of Gg_ on V}:o) that

satisfies the following two properties:

1. If v € R? has height X, then the coefficients of v are bounded by O(X'/%)

independent of v.
2. v- R? is also a fundamental set for the action of Gp_ on Vi _ for v € Gp__.

We now construct a Siegel set & in Gg_ such that a fundamental domain for
the action of I' on G'p_ is contained in a finite union of Gp-translates of &. Let
Gp,. = NTK be the Iwasawa decomposition of G _, where N C G is the subgroup
of unipotent lower triangular matrices, I’ C G is the maximal split torus consisting
of diagonal matrices, and K C G is a maximal compact subgroup. Let N’ C N be
a fundamental domain for the action of N NGy on N. Since there exists a bounded
fundamental set for the action of O on F,,, we may assume that N’ is bounded. Let

T; o C T be the following set:

IN

T/ = {((“ ) (7 )) N(t) > e, =5 < N(t;) < CN(tl)Vz}.

r+s

We define the Siegel domain &.¢ to be NI K. Theorem 11 in [17] asserts that
Gr. = UiGog,S.c for suitable ¢, C'if and only if Gp = U;Gpg; NpTF. By considering
the action of Gp/NpTr on P}(F), it is seen that we may find finitely many g; such
that Gp = U;Gog;NpTr. Since I' is commensurable with Go,., it follows that there
exist nonzero positive real numbers ¢ and C' along with a finite set of elements {g; :

1 <i <k} C Gp such that U;g;6. ¢ contains a fundamental domain for the action
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of I' on G _. We fix Fr to be one such fundamental domain.
Consider the multiset Fr - R(), where the multiplicity of v € Vi_ in Fr - R is
#{(y,v") : v € Fr, v € R, .o =v}. We shall need the following proposition

whose proof exactly follows the discussion surrounding [7, (8)].

Proposition 3.3.2. The I'-orbit of v € VF(ZO) is represented #Aut(c)/#Stabr(v)

times in the multiset Fr - R\%).

Proof. Given v € Vlgfo), there exists a unique vy € R such that vg is Gr-equivalent
to v. Suppose g - vg = v, for g € Gg. Then ¢’ - vy is in the I'-orbit of v if and only if

g and ¢’ map to the same element in the double coset space

MN\Gr, /Autg, (v).

The number of such double cosets in the right single coset I'-g is #Autg,_ (v)/#Autr(v).
Therefore, the number of times that the I'-orbit of v is represented in the multi-
set Fr - R is #Autc,_(v)/#Autr(v) which is equal to #Aut(c)/#Stabr(v) from
Lemma 3.3.1. ]

Since g - R is also a fundamental set for the action of Gp_ on V};’j, for any

g € Gp_, we obtain the following theorem which follows from Proposition 3.3.2.

Theorem 3.3.3. Let I' C Gp_ be a subgroup commensurable with Go and let L C

V}Q be a I'-invariant set. Then for any g € Gp,_, we have

N(L,T;X) = m#{fpg -RO(X)Nn L}.

22



3.4 Averaging and cutting off the cusp

Let Gog be a nonempty open bounded left K-invariant set in Gg_. Using Theo-

rem 3.3.3, we may write

Jnea, #{x € Frh - RO(X) N L}dh

LT X
N( )= #Aut(o fheG ’

(3.11)

where dh is any Haar-measure on G'z_. The denominator of the right hand side of the
above equation is a positive constant which we denote by Cg’o). We now estimate the
numerator in the right hand side of (3.11) following [7, (11)-(16)]. Given z € V;:o),

let 7 denote the (unique) point in R() that is G'r_-equivalent to x. We have

N(L,T; X) 5 D #{g € Fr:x=gh-xg}dh. (3.12)

0 xel heGo
H(z)<X

There exist #Aut(o) elements g; € G, satisfying ¢; - tg = x. We then have

/ #{g € Fr:x = gh-wp}dh = Z #{g € Fr: gh = g;}dh = Z/ dh.
heGo heGoNFr ' gi

Since dh is Gg_-invariant, we have

Z/h dh = Z/h dh=>" [ #{geGqo:hg=g}dn

€GoNFr ' g; €Gog; 'nFL! 5 Jherr

= #{g € Gy: 2 =hg-xr}dh.

heFr
It thus follows that
N(L,T;X) = J) > #{ge Gy:x=hg-xg}dh
Cey ez Jherr
H(z)<X
1
= —5 ) #{x € LOhGy - R9(X)}dh.
C 7 heFr
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Let us write B(h, X) = hGy - R(X) so that we have

1

o
OGO heFr

N(L,T; X) = #{x € LN B(h; X)}dh. (3.13)

Let h = nak € Gg_, where n, a, and k are the factors of g with respect to the

Iwasawa decomposition. If a is given by

o= (") ()

we define t(h) to be |t;|,,. The purpose of t(h) is to quantify where h € & is located
in the cusp. The larger t(h) is, the higher A is in the cusp. Note that it does not make

much difference to choose t(h) = |t;(h)

,; for some other i € {1,...,r + s}; they are
all within a constant multiple of each other by construction of &. Our next aim is to
show that if ¢(h) is large enough for h € S¢,, then any element in g;'£ N B(h; X)

for i € {1,...,k} is reducible because its x*-coefficient is 0.

Proposition 3.4.1. There exists an absolute constant ¢y > 0 such that if t(h) >
co X/ then g; ' L™ N B(h; X) is empty for h € &g and g; € {g1,- .., gr}. Bquiva-

lently, if t(h) > coX'/?* for h € ;6¢,, then LN B(h; X) is empty.

Proof. Let v = (v1,...,0.45) € Vi where v; = a;x* + b;x3y+ c;x?y? + dixy® + eyt is a

binary quartic form with either real or complex coefficients depending on whether ¢ <

7 or not, respectively. Denote the (r + s)-tuple (ay, ..., a,;s) by a(v) and .=} |a,

by N(a(v)). Since g; 'L is commensurable with Vj, the possible nonzero values of
N(a(v)) is bounded from below by an absolute nonzero constant x independent of
gi- Tt is clear from the description of S¢,. that if N(¢(h)) > XV for h € &¢,,
then N(a(h - v))) < X ™5N(a(v)). Since N(a(v)) = O(X™®) for v € R (X),
there exists an absolute constant ¢y such that if t(h) > ¢oX/?* for h € S¢,, then

N(a(h -v))) < & for any v € R(°)(X/2, X). Then any point v € g; 'L N B(h, X) will
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satisfy N(a(v)) = 0 implying that it is reducible (since its z*-coefficient is 0). O
Therefore, we have

1

(U) heFr
Go “t(h)<coX1/24

N(L™ T X) = #{L™ N B(h; X)}dh.
Let £ denote the set of reducible points in £. In the next section, we show that
the right hand side of the above equation with £ replaced by £ is bounded by

0(X®/6). Therefore, we may use Theorem 2.1.1 to obtain the following:

i 1
N(ﬁlrr,F;X) = _(U) heFr #{ﬁmB(h;X)}dh—{—o(X&l/G)
1 Go Y t(h)<coX1/24
= =@ | ner (VLB X))+ OMP(B(h: X)))dh + o(X%),
G() t(h)<cOX1/24

where the volume Vol is taken with respect with Euclidean measure on Vg, nor-
malized so that the lattice £ has covolume 1 and MP(B(h; X)) denotes the greatest
volume of the projection of B(h; X) onto a smaller dimensional coordinate subspace.
We will show that the main term grows like X°*/6. Thus, the error term of o(X°"/6)
is indeed smaller than the main term.

Analogously to Proposition 3.1.3, MP(B(h; X)) is bounded by O(t(h)*X ®n=1/6),
Its integral in the above equation is then seen to be bounded by O(X & ~12). The

integral of Vol (B(h; X)) over the region {h € U¥_ g, Fr U G, : t(h) > co X/}

=

L

is also easily computed to be O(X s ~12). Therefore, since the volume B(h; X) is

independent of h € Gp_, we may write

NL" X)) = Aut(gl) — / Vol(B(h: X))dh
Go -7'—1“
Vol(Fr) Vol (Go - R (X))
#Aut(o)Vol(Gy) ’

(3.14)

where the volumes of sets in G are taken with respect to any Haar measure on Gp__.
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3.5 Bounds on the number of reducible orbits

Let P be a prime ideal of O having sufficiently large norm to ensure that £ C Vo,
(i.e., the coefficients of elements in £ are integral in Og) and that the reduction £
modulo P is all of Vg, , where F, = O/. For any S C Vg, let Lg denote the set of
elements in £ whose reduction modulo ‘B lies in S. Then our methods of the previous
section imply that

N(Ls,T,X) < A5 oo,

#Vk,
For any prime power ¢, let Vﬁ;r denote the set of binary quartic forms in Vg, that

are irreducible over F,. Identically as when F' = Q, we have:

Virr
N x) < ] (1 - —#‘fq ) Xxon/6
norm(P)<Y # Fq

for fixed Y > 0. As before, this follows because the reduction modulo ‘B of a bi-
nary quartic form that is reducible over O is reducible over O/9. As in Step 3 of

Section 3.1, we deduce # V3" /#Vk, > 1/4. We thus obtain
]V<Acred7 F, X) — O(xSn/G)
as necessary.

3.6 Computing the volume

In this section, we compute the value of

VOI(:FF)VOIL<G0 : R(U) (X))
VOl(Go) '

26



The methods of Sections 3.3 and 3.4 imply that this quantity is independent of the
Haar measure we choose for Gp_. Let w be a differential which generates the rank
1 module of top-degree differentials of PGLy over Z. Let dv be the usual Euclidean
measure on V normalized such that V7 has covolume 1 in Vk under this measure. Fi-
nally, we impose the measure dr = dIdJ on Inv. With these measure normalizations,

we have the following theorem that is proven in [7, Section 3.3].

Theorem 3.6.1. Let K be R, C, or Z, for any prime p. Let R be an open subset of
Invg = KX K and let s : R — Vi be a differentiable function such that the invariants

of s;.; :=s(I,J) are I and J. Then for any measurable function ¢ on Vi, we have

1
o [ [ etesinwte i = | S(w)do,
R JPGL:(K) vEPCLy(K)-s(R)

where we regard PGLy(K) - s(R) as a multiset.

By construction of the sets R(®), we obtain a section # : Inv%fi — R (with

a = inv(o)) by sending the element (I,J) € Inv;f:i to the unique element in R()

having invariants [ and J. Let Invﬁ?;l(X ) denote the set of elements in Inv;?)

oo

having

height bounded by X. Using Theorem 3.6.1, we may write

I1

VOI(:FF)VOIL(GO . R(G) (X)) veArch(F)

Vol (Fr) Vol(Gg) Vol (Invi? (X))

v

L
27
Vol(Gy) B Vol(Gg)covol(L) ’

where the volumes are taken with respect to the measure normalizations of Theo-
rem 3.6.1, and covol(£) denotes the covolume of L. Since L is a lattice commensurable

with O, we have
i1,
1/ w
covol(L) 5 La

where Lg denotes the completion of £ in Vi, Therefore, we have proven the following

theorem:
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Theorem 3.6.2. Let £ C Vi be a T-invariant lattice and let £7) denote £ N Vlgjo).

Then we have

]_ (6% n
N(L,T; X) = mwm)wanv;; (X)) 1;[\/01(533) +o(X70),

where o = inv(o).

3.7 Counting weighted orbits

For our applications, we need a more general version of Theorem 3.6.2, namely one
which allows us to count weighted I'-orbits on £ (where the weights are defined via
congruence conditions).

More precisely we say that a T-invariant function ¢ : £ — [0,1] C R is defined
by congruence conditions if, for all primes B, there exists functions ¢y : Lo — [0, 1],

satisfying the following conditions:
1. For each v € L, we have ¢g(v) = 1 for all but finitely many primes B.
2. For all v € £, we have ¢(v) = [ dp(v).

3. For each prime B, the function ¢g is locally constant outside some set having

measure 0 in Lg.
Then we have the following generalization of Theorem 3.6.2.

Theorem 3.7.1. Let ¢ : L — [0, 1] be a T-invariant function defined by congruence
conditions via the functions ¢g : Loy — [0,1]. Let Ny(L"™,T; X) denote the number

of T-orbits on L™ having height bounded by X, where each orbit T - v is counted with

weight #Sf;g(v). Then we have
. 1 (@) 5n/6
NY(£.T5X) € s Vol i Vol Il () 1;8[ / o, 30X
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Proof. For each prime 3, there exist a decreasing sequence of functions 1 = gy >
g1 > ... that converge pointwise to ¢g. We further assume that 1, is defined on
L via congruence conditions modulo B”. This means that the value of ¢, (v) only
depends on the residue of v modulo B". For a fixed integer Y, we define the partial

weight ¢(Y) : £ — [0, 1] as follows:
oM () = [ [ gpnivm (v),
RY

where n(Y, %) is uniquely determined by N(RB)" <Y < N(B)"*. Note n(Y, ) =0
when N(B) > Y. Therefore, g (v, = g0 = 1 for all but finitely many primes .
This means that ¢ is defined via congruence conditions modulo finitely many

primes. Theorem 3.6.2 then implies that

. 1
N (L T X)) = —— Vol (Inv'® (X / . dvt-o(X56).
s (L7, 15 X) ST Aut (o) Vol(Fr)Vol(Invy’ (X)) 1;[ ety Ppn(v.p) (v)dv+o( )

Since ¢ < ¢¥) by construction, we have Ny(£™,T'; X) < Ny (L™, T; X). Letting

Y tend to infinity, we then obtain

irr . 1 (a) n/6
V(LT3 X) € gy VOVt ) T / dp(0)do + o(X7/%)

because limy o [ @qp(v.p) (v)dv = [ dq(v)dv by the bounded convergence theorem.

This concludes the proof of Theorem 3.7.1. n
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Chapter 4

Counting rational orbits using a

mass formula

Let A C Invp = O? be a subset that is defined by congruence conditions. This means
that
A = NgpAg,

where Ag is the closure of A in Inve,, = (’)%3. We say that such a family A is nice
if, for primes ‘B having sufficiently large norm, the set Agp contains at least those
clements (I,.J) € Oy such that P+ 1 or P J. If P | (2), then we further assume
that Ap C 2Oy x 2°0g. Let A(X) denote the set of elements in A having height
bounded by X. Our aim in this chapter is to obtain upper bounds for the number of
Gp-orbits on locally soluble elements in Vx having invariants in A(X).

This chapter, which is the analogue over number fields of [7, §3.2], is organized
in the following way. In Section 4.1, we describe finitely many lattices £; C Vp that
are commensurable with Vi such that every locally soluble Gg-orbit on Vg having
integral invariants is contained in at least one of these lattices. In the next section, we
find groups I'; C G commensurable with G such that I'; acts on £;. We then define

a “global mass” m : Vg — R having the following property: the number of locally
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soluble G g-orbits on Vp having invariants in A(X) is equal to the number of I';-orbits
on £; (summed over all lattices £;) such that each orbit I'; - v is counted with weight
m(v). We then define “local masses” mgy : Vg, — R such that m(v) = [[y; mep(v) for

v € Vp. Finally, in Section 4.4, we evaluate the “local mass integral” fVo map(v)dv.
b

4.1 Finding integral elements in a rational orbit

Recall that a binary quartic form f € Vp is said to be locally soluble if the equation
2?> = f(x,y) has nontrivial solutions over F,, for every completion v of F. Our first
aim is to find appropriate lattices £L C Vp commensurable with Vi» such that every
locally soluble G'g-orbit on Vr having invariants in A contains some element of L.

The following important result of Cremona, Fisher, and Stoll allows us to do this.

Theorem 4.1.1 ([16]). Let Fyy be a nonarchimedean local field and let f € Vg, be a
Fiyg-soluble element having integral invariants (I, J) € O*. If P | (2), then we further

assume that 2* | I and 2°| J. Then there exists v € Gg, such that v - f € Vo,

Therefore, if a locally soluble element v € Vr has invariants in A, then for every
prime B, there exists yp(v) € Gg, with yp(v) - v € Vo, In the case when G has
class number 1, it follows that there exists y(v) € G such that y(v) -v € Vo, for all
primes B. This implies that v(v)-v € V. Our results from the previous chapter may
then be used to count G g-orbits on locally soluble elements in Vi having invariants
in A. To handle the case when G has class number greater than 1, we proceed as
follows.

Let A denote the ring of adeles of F' and let A; denote the ring of finite ade-
les. The strong approximation theorem for G implies that Gy, is a finite union of

(IT Goy, Gr) double cosets. We may thus write

Ga, = ﬁ(H Goy)BiGr, (4.1)

i=1 P
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where cl is the class number of Gr and 8; € Gy, (see [19, Theorem 5.1]). For
convenience, we shall denote the set {3, : 1 <i < cl} by CL
Now, given any v € Vi having invariants in A, the element (yp(v))p € Ga, may

be expressed as

(Yp(v))p = (Op)gp - B - v(v),

where 3 € Cl, o € Go,,, and y(v) € Gp. let By denote the P-component of 3. Then

since Yp(v) - v € Vo, for all P and oy € Vo,,, we have

Bypy(v) v € Vo (4.2)

for all 3.
For 5 € Cl, we define L3 to be the set of all elements v € Vp such that v € ﬁqglv%

for all . The following theorem is a consequence of (4.2).

Theorem 4.1.2. Let notation be as above. Ifv € Vi is any element having invariants

in A, then there exists 3 € Cl such that v is Gp-equivalent to an element in Lg.

4.2 Attaching a global mass to v € Vp

Since By € Go, for all but finitely many primes ‘B, it follows that L is a lattice
in Vp commensurable with V. Let I's be the group of all ¢ € G such that g €
B;G@m By for all primes ‘B. Then I' is a subgroup of Gy commensurable with Go
that preserves Lg.

Denote the set of locally soluble elements in Vi by V. Let N(Ve, Gp; A(X))
denote the number of Gp-orbits on V¥ having invariants in A(X ), where each orbit
Gp - v is counted with weight 1/#Autg,(v). Let v € Vi be an element such that

inv(v) € A. For each 8 € CI(Gp), let vg1,...,v3k, (3 be a set of representatives for
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the action of I'g on L3N G - v. We define the “mass function” m : Vp — R to be

-1
1 1
- _— if inv(v) € A and v € V5,
(o) = | Tt \ 2 2 Fhue, ) (’ ‘
0 otherwise.
(4.3)
Note that m(v) is well-defined by Theorem 4.1.2.

Let N,,(L3,1'5; X) denote the number of I'g-orbits on Lz having height bounded

by X, such that each orbit I's - v is counted with weight #A+:)(v). The significance
5
of the mass function m is seen in the following proposition.
Proposition 4.2.1. We have
N(Gr, Vi AX)) =) Non(Ls,Tg; X). (4.4)
B

Proof. Every locally soluble GGg-orbit G - v having invariants in A is counted with
weight 1/#Aute, (v) in the left hand side of (4.4). In the right hand side the orbit

GF - v is counted with weight

Z Z #Autp Ug, #AutG Z Z #Autp ) Z Z #Autpﬁ

Uﬁz

where the equality follows from the definition of m(v) in (4.3). This concludes the

proof of the proposition. O

In the rest of this section, we express m(v) in a more convenient form. Let

Gr(Ls,v) denote the set
Gr(Lg,v) :={y€Gp:7v-veLg}

It is clear that I's acts on Gp(Ls,v) from the left and Autg, (v) acts on it on the
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right. We have a map from I's\Gr(Ls,v) to the set of I'g-orbits on L3NG p - v given
by I'gg — I'gg - v. This is clearly a surjective map between finite sets. Two elements
I'sg1 and I'ggs map to the same orbit under this map if and only if g; and g, map to

the same element in the double coset space

FQ\GF(Eg, v)/AutGF (U)

Therefore, the number of elements in I'4\Gr(Ls, v) that map to the same orbit I'z - v/

is equal to #Autg,.(v)/#Autr,(v'). This yields the following important result:

Theorem 4.2.2. Let v € Vi be a locally soluble binary quartic form having invariants

in A. Then
1 kv (B) 1
m(p) ~ TAuter(?) Zﬁ: ; Fat,(00) | %: H(To\Cr(Ls,v).  (45)

4.3 Attaching a local mass to v € Vg,

In order to evaluate N,,(Lg,15; X), we shall need to write m as a product of “local
mass functions”. Let  C O be a prime ideal and let VE;I C Vg, be the set of
Fip-soluble binary quartic forms. We now define a local mass function mgy : Vg, — R
that depends on Ag. Analogously to the previous section, we consider the G-
equivalence class of v in Vi, and let vy,..., v, be representatives for the action of

Go, on this set. For v € Vg, we define mg(v) to be

Y

ke ~1
1 hd 1
if inv(v) € Ay and v € Vol
myp(v) = FAUtG, (v) (; #Aut (%)) (v) by 8

Gog,
0 otherwise.
(4.6)

34



Our purpose in the rest of this section is to prove that m(v) = [[nmyp(v) for all
v € Vg.

To this end, let G, (v) be the set of elements g € G, such that g-v € Vo,.
Though G, (v) is not a group, Go,, acts on it from the left. As before, if mg(v) # 0,

then

1 i 1
m(v) = #Autay, () (; HAutg, (v;)

Goq3 (UZ)

) — #(Go,\Cry (). (47)
We are now in a position to prove the following important theorem:

Theorem 4.3.1. Let v € Vi be any element. Then
m(v) = [ [ ma(v).
B

Proof. We first show that m(v) = 0 if and only if [J;mp(v) = 0. Suppose v € Vi
satisfies m(v) = 0. Then either inv(v) € A or v € V. Since A is defined by
congruence conditions, this implies that either inv(v) ¢ Ag for some P or v ¢ V;;l
for some B. Thus, it follows that my(v) = 0. Conversely, if [ [y mp(v) = 0, then
because mg(v) = 1 for all but finitely many primes P, we have mgq(v) = 0 for some
prime PB. It then follows that inv(v) ¢ Agp or v & V;;l. In either case, we obtain
m(v) = 0.

Now suppose that v € Vi is a locally soluble binary quartic form having invariants
in A. Then m(v) # 0. From (4.5) and (4.7) it suffices to prove that the following

equality holds:

Y #T\GR(Ls,0) = [ [ #(Goy \Gry (v).

BeCl B

To do this, consider the map

¢ JTo\Gr(Ls,v) — [](Goy\Gry(v))
5 e (4.8)

sy = (Goy - (Bp7))y-
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By definition, v - v € Lg for v € Gp(Ls,v), which implies that Bypy - v € Vio,,. Thus

¢ is well defined. We now prove that ¢ is a bijection, thereby proving Theorem 4.3.1.

Injectivity of ¢: If there exists § € Cl and ' € Cl along with v € Gp(Lgs,v)
and 7' € Gp(Ls,v) such that ¢(I'sy) = ¢(p7’), then it follows that Bypy and
@’Bv' are Goy-equivalent, for all B. Therefore, there exist gp € Go, such that
By = gpByy’ for all primes 9. The strong approximation theorem for G (4.1) now
implies that 3 = 8. Furthermore, we have vy'~! € ﬁq}lG'@a3 By for all B. In other

words, 7y'~! € T'5 as necessary.

Surjectivity of ¢: If (hq)p € [[p(Goy \Gry(v)), then (4.1) implies that we may
write (heg)p = (g99)pdy, where v € Gp, 8 € Cl, and gp € Go,, for all . We claim
that v € Gp(Ls,v), which would show that ¢(I'gy) = (hg)yp. We know that hyg - v €
Vo, from which it follows that v-v € ﬁ;il -Vo,,- This implies that v € Gr(Ls,v) and

thus (heq)gp is in the image of ¢. This concludes the proof of Theorem 4.3.1. [

4.4 Evaluating the mass integral

Our aim in this section is to evaluate the mass integral fv% mep(v)dv.

For each pair I = (I,J) € A, let Byp(I) C Vo, be a set containing one element
in each soluble G -orbit on the elements in Vo, having invariant I € A. The set
Goy, - Bp(I) is a multiset in which every soluble element v with inv(v) = I is counted

with multiplicity #Autgoq3 (v). Consider the multiset Sy, defined by

Sag = Goy, - By(D).
IeA

We have

/v@ mp(v)dv = /SA% #ﬁzw)dv.

Ry

Since mgyp is Go,,-invariant (in fact, it is G Fm—invariant), Proposition 3.6.1 implies
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that

msp(v) _
v, Fhuic, (U)dv—lj\ngol(Gom) / > A ut%() dL.

Te Ay vEBy (I

For v € Bg(l), let v = vy1,v2,..., V) be the set of elements in Byp(I) that are

G py-equivalent to v. Then, from the definition of mgp(v), we have

mqg v;) B 1 1 1
Z #Autgo v) #AutGR13 (v) ; #Autgoq3 (v3) ; #AUtGom (vy)

1
#Autq £ (v)

Therefore, we have

Z #utc:o Z #Au

vEBy veBy (I) tGF ( )

where By(I) is a set consisting of one element for each G'p-equivalence class on the
elements in Vo, having invariant I. For T € A, we know that every element in Vg,

having invariant I is G r,-equivalent to an element in Vo, . Therefore, we may write

/ mm(v)dv = |‘7|&;BV01(G(933) Msp(]l)d]l,
Vo

Y I[E.Am

where Mg(I) is given by

In the above equation, G g, \V};V:H is a set consisting of representatives for the action
of G Fy ON the set of soluble elements in Vi, having invariant I.

To evaluate My(I), we have the following proposition whose proof is identical to
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that of [11, Lemma 3.1].

Proposition 4.4.1. Let E be an elliptic curve over Fyz. We have

#(E(Fp)/2E(Fyp)) = #E2](Fp)#(Ogp/20g).

Proof. A well-known result of Lutz (see, e.g., [21, Chapter 7, Proposition 6.3] for
a proof) asserts that there exists a subgroup M C E(Fy) of finite index that is
isomorphic to Ogp. Let G denote the finite group E(Fy)/M. Then by applying the

snake lemma to the following diagram

we obtain the exact sequence
0— M[2] — E(Fqg)[?] — G[2] - M/2M — E(Fm)/ZE(F;p) — G/2G — 0.

Since G is a finite group and M is isomorphic to Og, Proposition 4.4.1 follows. [

Fix I = (,J) € A. Theorem 2.2.1 states that if v € Vp has invariants I and J,

then we have

#(Gr \Viy ™) = #(EY (Fy) 2B (Fy)),
hut,, (1) = #E[2(Fy)
Therefore, Proposition 4.4.1 implies that Mg(I) = #(Og/20g). We summarize this

section in the following theorem:

Theorem 4.4.2. With notation as above, we have:

| ma()do = |l #(03/209) Vol(Goy) - [

Y ]IG.Am
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Chapter 5

The average number of elements in
the 2-Selmer group of elliptic

curves over [

Let A C O? be a set that is defined via congruence conditions. Recall that this means
A =NpAg

where Ag is the completion of A in (’)%3. We say that such a family is nice if for
primes P having sufficiently large norm, the set Ay contains at least those elements
(I,J) € O% such that P 1 I or P 1 J. If P | (2), we further assume that 2* | I and
26| J for (I,J) € Asp.

Let €4 be the family of elliptic curves over F' defined by

I B
gA:{EI’Jy2:I3—§I'+§ (],J)EA, A(I,J)?AO}
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We impose the following height on elements in £ 4:
H(E") = H(I,J),

where H (I, J) was defined in (3.2). In this chapter, we prove that the average size of

the 2-Selmer group of elliptic curves in £4, when ordered by height, is at most 3.

5.1 Counting elliptic curves in £, having bounded
height

Let N(E4; X) denote the number of elements in £4 having height bounded by X.
In this section, we obtain asymptotics for N(€4). Techniques identical to the proof
of Theorem 3.7.1 will yield upper bounds on N(E4; X). However, obtaining lower

bounds is more difficult, and to do so we need the following “uniformity estimate”.

Lemma 5.1.1. For a prime B, let WP (E4) denote the set BN € £4 such that

B | I and P | J. Then we have

o ). (5.1)

HE e WP(Eq)  H(E) < X} = O(W

where the implied constant is independent of PB.

Proof. The left hand side of (5.1) is bounded above by the number of integer pairs
(0,0) £ (I,J) e AcC O* with H(I) < XY3, H(J) < X2, 8 | I, and B | J. From

Corollary 2.1.2, we obtain that

O(Y"/N(B)) if N(B) < N(Y) =Y";
#{0£a€O:H(a) <Y, P|a} =
0 FNEB) > Y™
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It therefore follows that

(

O(X>S/N(P)?) if N(P) < X"/
#{Ee WP (N HE)< X} =1 OX"2N(P)) if X/? < N(P) < X2
\ 0 if N(B) > X"/2.
(5.2)
Lemma 5.1.1 follows easily from (5.2). O

Recall that we had defined the space Xy, to be {—1,1}", where 7 is the number

of real embeddings of F'. Consider the map

st : Inv%ifo) —  Ynva

(5.3)
(Li, Ji)i<rrs — (sign(A(L, Ji)))i<r

which sends an element of Inv%féo) to its “splitting type”. We had previously used

st to write Invg_ as a finite union

Invféfo) = U Inv%aoi,

aez[nvoo
where Invgfi consists of the elements in Inv%ifo) having splitting type a. We corre-

spondingly write £4 as a finite union

ta= |J €9,

aEZInVOO

where £ is defined to be the set of B/ in &4 such that st(I,J) = . We are now

prepared to prove the main theorem of this section.

Theorem 5.1.2. Let N(Sff); X)) denote the number of elements in Eﬁta) having height

41



bounded by X. Then we have

N(EY; X) = Vol(nvie) (X)) ] / dL + o(X°"/9).
* B ]IE.A&B

Proof. By assumption, A is a subset of O? defined by (possibly infinitely many)
congruence conditions. For any finite subset S of these conditions, let A®) denote

the subset of elements in O? that satisfy S. Then we have
#{Inv(a)( X)Nn AW} = Vol(InV H/ dl + O(X =216y,
TeAy

where Agg ) denotes the closure of A® in Ofp. Taking the limit as S tends towards

the set of all congruence conditions that are used to define A, we then obtain

#{Invi?) (X) N A} < Vol(Invl?) (X)) T / dL + o(X°"/9).
g JI€Ap

We now obtain a lower bound for 7§£{InV(Pf:Z> (X) N .A}. Assume that S contains
all the mod P congruence conditions used to define A for N(B) < Y. Then the

uniformity estimate in Lemma 5.1.1 implies that we have

5n/6

(a (S)
#{InvF( )N AYE < Vol( InvF H/HGA(S)d]I+O Z 5/3>

‘13)Y

This yields Theorem 5.1.2 because Yy N(cp)~/* converges. O

5.2 Proof of the main theorem

We now prove the following theorem from which the main theorems follow.
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Theorem 5.2.1. Let SJ(f) be as in the previous section. Then we have

Z #55(E) —

Eesff)
. H(BE)<X
lim

X—o0 :E: 1 -

Eeely
H(E)<X

Proof. From Theorem 5.1.2, we know that the denominator of the left hand side of
(5.4) is equal to

Vol(tnv'®) (X)) - T / 4T 4 o X7/9).
B ]IE.Arp

From Theorem 2.2.1, we see that the numerator of (5.4) is equal to N (G, V;a); A(X)),
the number of locally soluble G g-orbits on Vp having invariants in A(X) and split-
ting type o satisfying inv(o) = a, where each Gg-orbit G - v counted with weight
1/#Stabg, (v). Let X C Xy, be the set of those soluble splitting types o such

that inv(c) = a. Then (4.4) implies that

pV((;F,‘/é , 2{: EE: Ny, Fg, )7

sex(e) BeCI

where m is the mass function defined in (4.3). From Theorem 3.7.1, we then see that

the numerator of the left hand side of (5.4) is bounded above by

5n/6
o Z 7 Aut( Z\/ol Fr,)Vol(Invi) H (v)dv + o( X"/0).

cex(@) BeCl ﬁﬁqs

1

It is easy to compute that ) @) ) FAui(o) —

L for all . Since my is G Fy-invariant,

we have [ Ly msp(v)dv = fom mep(v)dv. Therefore, using Theorem 4.4.2 and taking
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ratios, we see the left hand side of (5.4) is bounded above by

27n o Z vol(Zr,) [ | <’2_7 (Om/QOm)VOI(GOm)> .

BeCl

Using the product formula and the fact that [ [y, #(Oyp/203) = 27, we see that the

above expression is equal to

> Vol(Fr,) Hv01 Goy) = 7(Gr) =2,

BeCl

where 7(GF) is the Tamagawa number of G . This concludes the proof of the theorem.

]

44



Bibliography

1]

M. Bhargava, The density of discriminants of quartic rings and fields, Ann. of
Math 162 (2005), 1031-1063.

, The density of discriminants of quintic rings and fields, Ann. of Math.

(2) 172 (2010), 1559—1591.

M. Bhargava and W. Ho, Coregular representations and genus one curves,

preprint.

, On the average sizes of Selmer groups in families of elliptic curves,

preprint.

M. Bhargava and A. Shankar, The average number of elements in the 4-Selmer

groups of elliptic curves is 7, preprint.

, The average number of elements in the 5-Selmer group of elliptic curves,

preprint.

, Binary quartic forms having bounded invariants and the boundedness of

the average rank of elliptic curves, preprint.

, Geometry-of-numbers methods over number fields and function fields, in

progress.

, Ternary cubic forms having bounded invariants, and the existence of a

positive proportion of elliptic curves having rank 0, preprint.

45



[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[19]

[20]

B. J. Birch and H. P. F. Swinnerton-Dyer, Notes on elliptic curves I, J. Reine
Angew. Math. 212 (1963), 7-25.

A. Brumer and K. Kramer, The rank of elliptic curves, Duke Math J. 44 (1977),
715-743.

J. E. Cremona, Reduction of binary cubic and quartic forms, LMS J. Comput.
Math. 2 (1999), 64-94.

J. E. Cremona and T. Fisher, On the equivalence of binary quartics, J. of Symbol.
Comp. 44 (2009), 673-682.

J. E. Cremona and M. Stoll, Minimal models for 2-coverings of elliptic curves,

LMS J. Comput. Math. 5 (2002), 220-243 (electronic).

H. Davenport, On a principle of Lipschitz, J. London Math. Soc. 26 (1951),

179-183.

J. Cremona T. Fisher and M. Stoll, Minimisation and reduction of 2-, 3- and

4-coverings of elliptic curves, J. of Alg. Num. Thy. 4 (2010), 763-820.

R. Godement, Domaines fondamentaus des groupes arithmetiques, Séminaire

Bourbaki (1962), 201-225.

R. P. Langlands, The volume of the fundamental domain for some arithmetical
subgroups of Chevalley groups, Proc. Sympos. Pure Math., Boulder, Colo. (1965),
143-148.

V. Platonov and A. Rapinchuk (translated from the 1991 Russian original by
Rachel Rowen), Algebraic groups and number theory., Pure and Applied Mathe-

matics, Academic Press, Inc., Boston, MA 139 (1994).

B. Poonen, Awverage rank of elliptic curves (after Manjul Bhargava and Arul

Shankar), Séminaire Bourbaki, to appear in Astérisque.

46



[21] J. H. Silverman, The arithmetic of elliptic curves, second edition, Graduate Texts

in Mathematics, Springer, Dordrecht 106 (2009).

47



