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Abstract

In joint work with Manjul Bhargava (see [7]), we proved that the average rank of

rational elliptic curves, when ordered by their heights, is bounded above by 1.5. This

result was accomplished by using Bhargava’s geometry-of-numbers methods (devel-

oped in [1] and [2]) to obtain asymptotics for the number of GL2(Z)-orbits on integral

binary quartic forms having bounded invariants.

This thesis extends the methods of [7] and generalizes the counting results to the

space of binary quartic forms over the ring of integers of any number field. As a

consequence, we prove that the average rank of elliptic curves over any number field

is at most 1.5.
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Chapter 1

Introduction

Let F be a number field, i.e., a finite extension of Q. Any elliptic curve E/F may be

expressed as

E = EA,B : y2 = x3 + Ax+B,

where A,B ∈ F . We may further assume that A and B are contained in O, the ring
of integers of F . We may further assume that if α4 | A and α6 | B for α ∈ O, then α
is a unit (i.e., α ∈ O×). If these two conditions are satisfied, we say that EA,B is in

reduced short Weierstrass form. We then define the height of EA,B to be

H(EA,B) = max{4H(A)3, 27H(B)2}, (1.1)

where the height H(α) of an element α ∈ O is defined to be the maximum of its

Archimedean valuations (see (2.1)).

Our goal in this thesis is to prove the following theorem.

Theorem 1.0.1. When elliptic curves EA,B/F in reduced short Weierstrass form are

ordered by height, the limsup of their average rank is finite and bounded by 1.5.

We prove Theorem 1.0.1 by obtaining an upper bound for the average size of the

2-Selmer group of these elliptic curves. Recall that S2(E), the 2-Selmer group of E,
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is a finite abelian 2-group and fits into the exact sequence

0→ E(F )/2E(F )→ S2(E)→�E[2]→ 0, (1.2)

where�E[2] denotes the 2-torsion subgroup of the Shafarevich-Tate group�E of E.

The 2-Selmer group has order 2s for some integer s ≥ 0, and s is called the 2-Selmer

rank of E. Thus the 2-Selmer rank of E gives an upper bound for the rank of E. Our

main theorem on the 2-Selmer group is as follows:

Theorem 1.0.2. When elliptic curves EA,B/F in reduced short Weierstrass forms

are ordered by height, the limsup of the average size of their 2-Selmer group is at

most 3.

Since 2s ≤ 2s, the above theorem proves that the average rank of the 2-Selmer group

is bounded by 1.5. Thus, Theorem 1.0.2 implies Theorem 1.0.1.

In joint work with Manjul Bhargava, we proved Theorem 1.0.1 for F = Q. In

fact, we proved something stronger:

Theorem 1.0.3 ([7]). When all elliptic curves E/Q are ordered by height, the average

size of the 2-Selmer group S2(E) is 3.

We proved the above theorem by counting integer orbits, having bounded in-

variants, for the action of GL2(Z) on the space on integral binary quartic forms.

The group GL2(Z) acts on the space of integral binary quartic forms f(x, y) =

ax4+ bx3y+ cx2y2+ dxy3+ ey4 (with a, b, c, d, e ∈ Z) by linear change of variable.

The ring of invariants for this action is generated (at least over C) by two independent

invariants denoted I and J . For f(x, y) as above, these invariants are given by:

I(f) = 12ae− 3bd+ c2,

J(f) = 72ace+ 9bcd− 27ad2 − 27eb2 − 2c3.
(1.3)
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We define the height of f(x, y) by H(f) := max{|I|3, J2/4} and ask the question:

what is the number of GL2(Z)-orbits on integer binary quartic forms having height

bounded by X? Using techniques developed by Bhargava in [1] and [2], we determine

asymptotics for this number.

To apply the result involving binary quartic forms to determining the average size

of the 2-Selmer group of rational elliptic curves, we proceed as follows: an element

in the 2-Selmer group of an elliptic curve E over Q (or indeed, over any number

field) may be thought of as a locally soluble 2-covering of E. A result of Birch and

Swinnerton-Dyer (see [10, Lemma 2]) asserts that a locally soluble 2-covering pos-

sesses a canonically associated degree 2 divisor defined over Q, thus yielding a double

cover C → P1 ramified at 4 points. This produces a locally soluble binary quartic

form. We use this connection and the counting result on binary quartic forms to

prove Theorem 1.0.3.

This thesis closely follows the proof of Theorem 1.0.3. In Chapter 2, we first

recall some basic notions about number fields. Then, for a number field F , we pre-

cisely state the connection between the 2-Selmer group of an elliptic curve E/F and

PGL2(F )-orbits on binary quartic forms over F . In Chapter 3, we then prove our

main counting result by determining asymptotics for the number of PGL2(O)-orbits
on binary quartic forms over O, where O is the ring of integers of our number field

F . In fact, we prove a more general result that allows us to replace PGL2(O) with a
subgroup Γ that is commensurable with it, and replace the set of binary quartic forms

over O with certain weighted sets L of binary quartic forms that are Γ-invariant, so

long as these weights are defined by congruence conditions. If they are defined by

finitely many congruence conditions, then we obtain exact asymptotics for our count.

However, for our applications we require weights that are defined by infinitely many

congruence conditions. In this case, we only obtain upper bounds for the number of

weighted orbits having bounded height. We hope to carry out the sieve required for
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lower bounds (which is one of the more technical parts of [7]) in future work.

In Chapter 4, we first express the number of locally soluble PGL2(F )-orbits on

binary quartic forms over F having bounded height as a sum of the number of weighted

Γ-orbits on L (Γ and L as above). We then prove that the weights on L are indeed

defined by congruence conditions by expressing them as products of local weights.

Finally, in Chapter 5, we tie together the results from previous chapters to prove our

main theorems.

The proofs of the results in Chapter 4 can be both clarified and greatly simplified

by following the approach of Poonen [20]. The idea is to embed the space of binary

quartic forms over F into a discrete lattice in the space of binary quartic forms over

the adeles AF . Since it is rational orbits (as opposed to integral orbits) that we are

interested in understanding for our purpose here, this approach would be significantly

faster and cleaner.

Finally, we note that the results of this thesis are special cases of forthcoming joint

work with Manjul Bhargava [8] in which we list a set of general assumptions on (G, V )

that are used to obtain asymptotics for the number of “irreducible” GZ-orbits on VZ.

These assumptions have already been shown to hold for many such representations

(see [1], [2], [4], [9], [5], [6]). We then show in [8] that these same assumptions in fact

imply that the analogous results hold when Q is replaced with any global field.
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Chapter 2

Preliminaries

2.1 Basic notions for number fields

Throughout this thesis, we shall work over a number field F that is a degree n

extension of Q. We shall assume that F has r real embeddings and s pairs of complex

embeddings. Thus we have r + 2s = n. Let Arch(F ) denote the set of Archimedean

embeddings of F . We define F∞ by

F∞ :=
∏

ν∈Arch(F )
Fν ,

which is a product of r copies of R and s copies of C and has real dimension equal

to n. We denote the diagonal embedding of F into F∞ by ι, and throughout this

thesis we identify F with its image ι(F ) ⊂ F∞. Let O denote the ring of integers of

F . Then ι maps O into a lattice in F∞ having finite covolume equal to
√|Disc(F )|,

where Disc(F ) is the discriminant of F .

Recall that the norm map N : F → R is defined to be

N(α) :=
∏

ν∈Arch(F )
|α|ν ,
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for α ∈ F . We naturally extend N to all of F∞ by defining the norm of (αν)ν∈Arch(F )

to be
∏

ν∈Arch(F ) |αν |ν . Note that the image of the restriction of N to O is contained

in Z. Furthermore, if L ⊂ F∞ is any lattice commensurable with O, then the image
of N restricted to L is discrete in R.

The norm provides an unsuitable partial ordering on O because the number of

elements in O having bounded norm is usually not finite. In fact, unless F = Q or

a quadratic imaginary field, the group of units in O, which all have norm ±1 is not
finite. Therefore, we define the following height function on F∞:

H((αν)ν) := max{|αν |ν}, (2.1)

where |α| is the absolute value of α if α ∈ R, and |α| = a2 + b2 if α = a + ib ∈ C.

The function H also provides height functions on F ⊂ F∞ and O ⊂ F∞ via their

embedding ι into F∞.

The set F∞(X) consisting of elements in F∞ having height bounded by X is

compact. To estimate the number of elements in O having height bounded by X, we

have the following theorem proved by Davenport [15].

Theorem 2.1.1. Let R be a bounded, semi-algebraic multiset in Rn having maximum

multiplicity m, and that is defined by at most k polynomial inequalities each having

degree at most �. Then the number of integer lattice points (counted with multiplicity)

contained in the region R is

Vol(R) +O(max{Vol(R̄), 1}),

where Vol(R̄) denotes the greatest d-dimensional volume of any projection of R onto

a coordinate subspace obtained by equating n − d coordinates to zero, where d takes

all values from 1 to n−1. The implied constant in the second summand depends only

on n, m, k, and �.
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The following result, which is the simplest case of the type of results we prove in

this thesis, is a corollary of Theorem 2.1.1. Let τ = (τν)ν be a Tamagawa measure on

the ring of adeles A of F . Let dα =
∏

Arch(F ) τν be the corresponding Haar measure on

F∞. Finally, let N(O;X) denote the number of elements in O having height bounded

by X.

Corollary 2.1.2. With notation as above, we have

N(O;X) = Vol(F∞(X))
∏
P

∫
OP

τP+O(Xn−1),

where the volume of sets in F∞ is taken with respect to dα, and P runs over all finite

places of F .

Proof. By the definitions of N(O;X) and ι, we have

N(O;X) = #{F∞(X) ∩ ι(O)}.

Since F∞(X) is a compact subset of F∞ ∼= Rr⊕Cs ∼= Rn, Theorem 2.1.1 implies that

N(O;X) = VolO(F∞(X)) +O(Xn−1),

where the volume VolO(F∞(X)) is taken with respect to Haar measure on F∞ normal-

ized such that O ⊂ F∞ has covolume 1. Classical results state that O has covolume√
Disc(F ) in F∞ under the measure dα. From the well-known equality

∫
F\A τ = 1,

we deduce that ∏
P

∫
OP

τP =
1√

Disc(F )
.

Therefore, the corollary follows.
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2.2 Binary quartic forms and the 2-Selmer groups

of elliptic curves

Throughout this thesis, we work with the algebraic group G := PGL2 and its repre-

sentation on V = Sym4(2), the space of binary quartic forms. For any ring R, we let

GR and VR denote the R-points of G and V , respectively. The action of GR on VR is

as follows: if γ ∈ GR and f(x, y) ∈ VR, then we have

γ · f(x, y) := 1

(det γ)2
f((x, y) · γ).

This representation (G, V ) is coregular [3]. This means that the ring of invariants

for the action of GC on VC is free. In fact, it is freely generated by two elements.

These invariants are traditionally denoted I and J , and are given by

I(f) = 12ae− 3bd+ c2,

J(f) = 72ace+ 9bcd− 27ad2 − 27eb2 − 2c3,
(2.2)

where f = ax4 + bx3y + cx2y2 + dxy3 + ey4 is an element of VC. Every polynomial

invariant for the action of GC on VC is a polynomial in I and J . For example, the

discriminant Δ(f) of f can be expressed as

Δ(f) := Δ(I(f), J(f)) := (4I(f)3 − J(f)2)/27.

For any ring R, we let InvR denote the space R × R and think of an element I =

(I, J) ∈ InvR as a possible pair of invariants of an element f ∈ VR.

We now detail the connection between binary quartic forms and the 2-Selmer

group of elliptic curves. We say that a binary quartic form f over a field K is K-

soluble if the equation z2 = f(x, y) has solutions with x, y, z ∈ K and (x, y) �= (0, 0).

Then we have the following theorem which is a consequence of [14, Proposition 2.2]
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and [13, §3-5 and Remark 1]. For more details, see [3].

Theorem 2.2.1. Let K be a field having characteristic not 2 or 3. Let E : y2 =

x3 − I
3
x − J

27
be an elliptic curve over K. Then there exists a bijection between ele-

ments in E(K)/2E(K) and PGL2(K)-orbits of K-soluble binary quartic forms having

invariants equal to I and J , given by

(ξ, η) + 2E(K) �→ PGL2(K) ·
(
1

4
x4 − 3

2
ξx2y2 + 2ηxy3 +

(
I

3
− 3

4
ξ2
)
y4
)
.

Under this bijection, the identity element in E(K)/2E(K) corresponds to the PGL2(K)-

orbit of binary quartic forms that have a linear factor over K.

Furthermore, the stabilizer in PGL2(K) of any (not necessarily K-soluble) binary

quartic form f in VK, having nonzero discriminant and invariants I and J , is iso-

morphic to E(K)[2], where E is the elliptic curve defined by y2 = x3 − I
3
x− J

27
.

Now, let F be a number field. For an elliptic curve EA,B/F in reduced short

Weierstrass form, we define the invariants

I(EA,B) = −3 · 24 · A,
J(EA,B) = −3 · 26 ·B.

(2.3)

Denote the elliptic curve having invariants I and J by EI,J . We say that a binary

quartic form f over a number field F is locally soluble if f is Fν soluble for each

completion Fν of F . We then have the following theorem relating the 2-Selmer group

of EI,J to binary quartic forms having invariants I and J :

Theorem 2.2.2. Let E = EI,J be an elliptic curve over F . Then the elements of

the 2-Selmer group of E are in one-to-one correspondence with PGL2(F )-equivalence

classes of locally soluble integral binary quartic forms having invariants equal to I

and J .
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Furthermore, the set of integral binary quartic forms that have a rational linear

factor and invariants equal to I and J lie in one PGL2(F )-equivalence class, and this

class corresponds to the identity element in the 2-Selmer group of E.
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Chapter 3

Counting GO-orbits on integral

binary quartic forms of bounded

height

As before, we work over a number field F which we identify with its image under the

embedding ι : F → F∞. Let VF∞ and GF∞ denote, respectively, the products

VF∞ :=
∏

ν∈Arch(F )
VFν ,

GF∞ :=
∏

ν∈Arch(F )
GFν .

The space VF embeds in VF∞ and under this embedding, VO maps into a lattice having

finite covolume. We have a natural action of GF∞ on VF∞ where elements in GF∞

act component-by-component on VF∞ . It is important to note that under this action,

GQ ⊂ GF∞ (resp. GO ⊂ GF∞) preserves VQ ⊂ VF∞ (resp. VO ⊂ VF∞).

We now define a height function on VF∞ . Since VF and VO embed into VF∞ , this

11



will also give height functions on them. The space InvF∞ is given by

InvF∞ =
∏

ν∈Arch(F )
InvFν

and is a product of r copies of InvR = R2 and s copies of InvC = C2. We have a

natural GF∞-invariant map

inv : VF∞ → InvF∞

(f1, . . . , fr+s) �→ ((I(f1), J(f1)), . . . , (I(fr+s), J(fr+s)))
(3.1)

which we use to define a height function on VF∞ . Let H : InvF∞ → R be the height

function defined by

H((I1, J1), . . . , (Ir+s, Jr+s)) := max
i∈{1,...,r+s}

max(|Ii|3, |Ji|2/4). (3.2)

We define H : VF∞ → R to be be H(inv(v)).

In this chapter, our aim is to determine asymptotics for the number of GO-orbits

on VO having bounded height.

3.1 The case F = Q

We start with the case F = Q. For any GZ-invariant set S ⊂ VZ, let N(S;X) denote

the number of irreducible GZ-orbits GZ · f on S with 0 < H(f) ≤ X, where the orbit

of f ∈ S is counted with weight 1/#AutGZ
(f).

In joint work with Manjul Bhargava, we proved the following theorem:

Theorem 3.1.1 ([7]). We have

N(VZ;X) =
44

5
X5/6 + o(X5/6).

12



In what follows, we briefly sketch a proof of the above theorem. The proof in the

case of a general number field F will closely follow these ideas and methods.

Step 1: Reduction theory

For i ∈ {0, 1, 2}, let V (i)
R denote the set of binary quartic forms in VR that have

nonzero discriminant and i pairs of complex conjugate roots in P1C (and 4 − 2i real

roots in P1R). Elements in V
(2)

R are definite forms. We denote the set of positive

definite forms in V
(2)

R by V
(2+)

R and the set of negative definite forms by V
(2−)

R . In

this step, we construct a finite cover of a fundamental domain for the action of GZ

on V
(i)

R for i ∈ {0, 1, 2+, 2−}.
First, we construct fundamental sets R(i) for the action of GR on V

(i)
R . To do this,

we need the following facts (see [12, Remark 2]).

1 Let (I, J) in R × R with Δ(I, J) > 0 be fixed. Then the set of binary quartic

forms in VR having invariants I and J consists of three GR-orbits. There is one

such orbit in V
(0)

R , V
(2+)

R , and V
(2−)

R . Furthermore, the stabilizer in GR of an

element in any of these orbits is isomorphic to Z/2Z× Z/2Z.

2 Let (I, J) in R × R with Δ(I, J) < 0 be fixed. Then the set of binary quartic

forms in VR having invariants I and J consists of one GR-orbit that lies in V
(1)

R .

Furthermore, the stabilizer in GR of any element in this orbit is isomorphic to

Z/2Z.

Using these facts, we follow [7, Table 1] and construct fundamental sets for the

action of GR on V
(i)

R . In [7, Table 1], we had listed fundamental sets L(i) for the action

of GL2(R) on V
(i)

R ; to then construct a fundamental set for the action of PGL2(R) on

V
(i)

R , we merely multiply L(i) with R>0.

We list two important properties of these sets that will be crucial in what follows.

The first is straightforward. The second follows because the set of all the coefficients

13



R
(0)
V =

{
λ
(
x3y − 1

3
xy3 − J

27
y4
)
: −2 < J < 2, λ ∈ R>0

}

R
(1)
V =

{
λ
(
x3y − I

3
xy3 +

±2
27
y4
)
: −1 ≤ I < 1, λ ∈ R>0

}

∪
{
λ
(
x3y +

1

3
xy3 − J

27
y4
)
: −2 < J < 2, λ ∈ R>0

}

R
(2+)
V =

{
λ
( 1
16
x4 −

√
2− J

3
√
3

x3y +
1

2
x2y2 + y4

)
: −2 < J < 2, λ ∈ R>0

}

R
(2−)
V =

{
f : −f ∈ R2+

V

}

Table 3.1: Explicit constructions of fundamental sets R
(i)
V for PGL2(R)\V (i)

R

of all the elements f ∈ L(i) is absolutely bounded.

1. For any g ∈ GR and i ∈ {0, 1, 2+, 2−}, the set g · R(i) is a fundamental set for

the action of GR on V
(i)

R .

2. The size of each coefficient of f ∈ R(i) having height X is bounded by O(X1/6).

(The exponent 1/6 arises since the height is a GR-invariant degree 6 function

on VR.)

Next, we choose a Siegel domain S ⊂ GR that contains a fundamental domain F
for the action of GZ on GR. Let GR = NTK be the Iwasawa decomposition of GR,

where N is the set of lower triangular matrices with 1’s on the diagonal, T is the split

torus in GR, and K = SO2(R) is the maximal compact subgroup of GR. Then we

choose S to be S = N ′T ′K, where

N ′(t) =

⎧⎪⎨
⎪⎩
⎛
⎜⎝ 1

u 1

⎞
⎟⎠ : u ∈

[
−1
2
,
1

2

]⎫⎪⎬
⎪⎭ , T ′ =

⎧⎪⎨
⎪⎩
⎛
⎜⎝ t−1

t

⎞
⎟⎠ : t ≥ 4

√
3/
√
2

⎫⎪⎬
⎪⎭ , K = SO2(R).

(3.3)

Is it well known that S contains a fundamental domain for the action of GZ on GR.

Let F be any such domain and consider the multiset F ·R(i), where the multiplicity
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of x ∈ VR in F · R(i) is defined to be the number of pairs (g, f) ∈ F × R(i) with

g · f = x. In the discussion surrounding [7, Equation (8)], we show that that the GZ-

orbit of x ∈ VR is represented #AutGR
(x)/#AutGZ

(x) times in this multiset. Hence,

we obtain the following proposition:

Proposition 3.1.2. Let g be any element in GR. We have

N(V
(i)

Z ;X) =
1

ni

#{F ·R(i)(X) ∩ V irr
Z },

where R(i)(X) denotes the set of elements in R(i) having height bounded by X, the

set V irr
Z denotes irreducible elements in VZ, and ni is given by n0 = n2+ = n2− = 4,

n1 = 2.

Step 2: Averaging and cutting off the cusp

The main difficulty in estimating the number of integral points in F · R(i)(X) is

that the region is not bounded since F is noncompact. In this key step, we use the

averaging technique of Bhargava, developed in [1] and [2], that allows us to estimate

N(V
(i)

Z ;X) by counting integral points in bounded domains. To this end, let G0 be

a fixed K-invariant compact set in GR such that G0 is the closure of some nonempty

set. Proposition 3.1.2 implies that we may write

N(V
(i)

Z ;X) =

∫
h∈G0

#{x ∈ Fh ·R(i)(X) ∩ V irr
Z } dh

ni

∫
h∈G0

dh
, (3.4)

where dh is any Haar measure on GR = PGL2(R). The denominator of the right hand

side in (3.4) is a constant depending only on G0 and i. We denote it by C
(i)
G0
. For

now, we choose dh to be the Haar measure t−2dnd×tdk on GR = NTK. Following [7,
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(11)–(16)], we obtain

C
(i)
G0
N(V

(i)
Z ;X) =

∫
h∈G0

#{x ∈ Fh ·R(i)(X) ∩ V irr
Z } dh

=

∫
g∈F⊂N ′(t)T ′K

#{x ∈ V irr
Z ∩ gG0 ·R(i)(X)}t−2dn d×t dk

=

∫
g=N ′(t)T ′⊂F

#{x ∈ V irr
Z ∩ gG0 ·R(i)(X)}t−2dn d×t,

(3.5)

where the final equality follows from the fact that G0 is K-invariant and dk is nor-

malized to have measure 1.

We write B(n, t;X) =
(
1
n 1

)(
t−1

t

)
G0 · R(i)(X) and estimate the number of inte-

gral points in it using Theorem 2.1.1. This yields good estimates when t is “small”

compared to X. Let C be a constant such that CX1/6 is an upper bound on the

coefficients of the elements in R(i)(X). If t4 > CX1/6, then the x4-coefficient of any

element in B(n, t;X) has absolute value less than 1. Then any integral binary quartic

form in B(n, t;X) must have x4-coefficient equal to 0 and so is reducible. In other

words, we have the following proposition.

Proposition 3.1.3. The number of integral binary quartic forms (ax4+bx3y+cx2y2+

dxy3 + ey4) ∈ B(n, t,X) with a �= 0 is given by

⎧⎪⎨
⎪⎩

0 if t > C1/4X1/24;

Vol(B(n, t,X)) +O(t4X4/6) otherwise.

The proof follows that of [7, Proposition 2.7].
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Denoting the set {ntk ∈ F : t ≤ C1/4X1/24} by F ′, we have

N(V
(i)

Z ;X) =
1

C
(i)
G0

∫∫
nt∈F ′

Vol(B(n, t,X))t−2dn d×t+O(E1) +O(E2)

=
1

C
(i)
G0

∫∫
nt∈F

Vol(B(n, t,X))t−2dn d×t+O(E1) +O(E2) +O(E3)

=
1

ni

Vol(F ·R(i)(X)) +O(E1) +O(E2) +O(E3),

(3.6)

where E1, E2, and E3 are given by

E1 := O
(∫∫
nt∈F ′

#{B(n, t,X) ∩ V red
Z }t−2dnd×t

)
,

E2 := O
(∫∫
nt∈F ′

t4X4/6t−2dnd×t
)
,

E3 := O
( ∫∫
nt∈F\F ′

Vol(B(n, t,X))t−2dnd×t
)
.

(3.7)

In the above definition of E1, the set V
red

Z denotes the set of f ∈ VZ that are reducible

over Q.

Since Vol(B(n, t,X)) is seen to be O(X5/6), the terms E2 and E3 are easily com-

puted to be O(X3/4). We bound E1 by o(X
5/6) in the next step.

Step 3: Bounds on the number of reducible orbits

In this step, we show that

∫
N ′(t)

∫ C1/4X1/24

t=
4√3√
2

#{B(n, t,X) ∩ V red
Z })t−2dnd×t = o(X5/6).

If f is an element of V red
Z , then the reduction of f modulo p is reducible over Fp for

every prime p. Denote the set of irreducible binary quartic forms in VFp by V
irr

Fp
. Since

the number of Fp-conjugate quadruples of distinct points in Fp4 is (p4−p3−p2+p)/4,

17



it follows that that #V irr
Fp
≥ (1/4− o(1))#VFp . Therefore, for every positive number

Y , there exists a large enough number X such that when t� X1/24, we have

#{B(n, t,X) ∩ V red
Z } = O

(
Vol(B(n, t,X))

∏
p≤Y

(
1− 1

4
+ o(1)

))
.

Since
∏

p≤Y

(
1− 1

4
+ o(1)

)→ 0 as Y →∞, we are done.

Remark: It would in fact be sufficient to have the weaker estimate #V irr
Fp
� 1

p
#VFp

since
∏

p≤Y (1− 1/p)→ 0 as Y →∞. This observation will be useful for spaces that

are more complicated than the space of binary quartic forms.

Step 4: Computing the volume

The results of the previous step combined with (3.6) imply that to complete the proof

of Theorem 3.1.1, we only have to compute the volume of F ·R(i)(X).

The sets R(i) are in canonical one-to-one correspondence with the set {(I, J) ∈
R×R : Δ(I, J) > 0} for i ∈ {0, 2+, 2−}, and with {(I, J) ∈ R×R : Δ(I, J) < 0} for
i = 1. We impose the measure dIdJ on these sets R(i). Let ω be a differential which

generates the rank 1 module of top-degree differentials of G over Z. (ω is well-defined

up to sign.) Consider the natural map ψ : GR × R(i) → GR · R(i). It is shown in

[7, Proposition 2.8] that the Jacobian change of variables of ψ is a rational constant

J = 1/27. Therefore, we have

∫
F·R(i)(X)

dv =
1

27

∫
R(i)(X)

∫
F
dg dI dJ =

2

27
· ζ(2)

∫
R

(i)
V (X)

dI dJ,

where the final equality follows from the fact that Vol(FPGL2) = 2ζ(2) (see [18]).

When i = 0 or 2, we compute
∫

R(i)(X)
dI dJ to be

∫ X1/3

I=0

∫ 2I3/2

J=−2I3/2

dIdJ =
8

5
X5/6. (3.8)
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Meanwhile,
∫

R
(1)
V (X)

dI dJ is equal to

∫ X1/3

I=−X1/3

∫ 2X1/2

j=−2X1/2

dIdJ − Vol(R
(0)
V (X)) = 8X5/6 − 8

5
X5/6 =

32

5
X5/6. (3.9)

This completes the proof of Theorem 3.1.1.

3.2 Preliminaries for the general case

We now consider the case when F is a number field of degree n. With notation as

in the beginning of this chapter, let Γ ⊂ GF be a subgroup commensurable with GO

and let L ⊂ VF be a Γ-invariant lattice commensurable with VO. For any Γ-invariant

subset S ⊂ L, let N(S,Γ;X) denote the number of Γ-orbits on S having bounded

height, where each orbit Γ·v is counted with weight 1/#StabΓ(v). Our aim in the rest

of this chapter is to determine asymptotics for N(Lirr,Γ;X), where Lirr ⊂ L denotes

the set of binary quartic forms in L that have no linear factor over F .

3.3 Reduction theory

In the next four sections, L, VF∞ , Γ, and GF∞ will respectively play the roles that VZ,

VR, GZ, and GR, played in the case of F = Q. We now describe what the analogues of

the sets V
(0)

R , V
(1)

R , and V
(2±)

R are. Let ΣV,∞, the set of splitting types of V at infinity,

be {0, 1, 2+, 2−}r. For σ ∈ ΣV,∞ with σ = (σ1, . . . , σr), we define V
(σ)
F∞ to be the set

of all (f1, . . . , fr+s) ∈ VF∞ such that fi ∈ V (σi)
R for i ∈ {1, . . . , r} and fi ∈ V (Δ �=0)

C for

i ∈ {r + 1, . . . , r + s}. If r = 0, then ΣV,∞ consists of just one point σ, and V
(σ)
F∞ is

the set of points in VF∞ such that each component has nonzero discriminant. In this

section we describe the reduction theory for the action of Γ on V
(σ)
F∞ for σ ∈ ΣV,∞. We

start with the following lemma:
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Lemma 3.3.1. For fixed σ = (σi) ∈ ΣV,∞, the size of the stabilizer in GF∞ of v ∈ V (σ)
F∞

is independent of v. We denote this size by #Aut(σ) which is given by

#Aut(σ) = 4s

r∏
i=1

nσi
,

where n0 = n2± = 4 and n1 = 2.

Proof. We had already stated that the size of the stabilizer in GR of v ∈ V (i)
R is equal

to 4 when i = 0, 2+, or 2−, and equal to 2 when i = 1. Furthermore, it follows from

Theorem 2.2.1 that the size of the stabilizer in GC of v ∈ V (Δ �=0)
C is equal to 4. The

lemma follows immediately from these facts.

Analogously to the case F = Q, we construct fundamental sets for the action of

GF∞ on V
(σ)
F∞ . To this end, we first study the image of inv when restricted to V

(σ)
F∞ .

Let ΣInv,∞ denote the set {−1, 1}r. Consider the map

inv : ΣV,∞ → ΣInv,∞

(σi) �→ (inv(σi)),
(3.10)

where inv(1) = −1 and inv(0) = inv(2±) = 1. For α = (αi) ∈ ΣInv,∞, let Inv
(α)
F∞

denote the set of ((I1, J1), . . . , (Ir+s, Jr+s)) ∈ InvF∞ such that Δ(Ii, Ji) ∈ αiR>0 for

i ∈ {1, . . . , r}. If f ∈ V (i)
R , then Δ(f) = Δ(I(f), J(f)) is positive if i = 0 or 2± and

negative if i = 1. Thus the image under inv of V
(σ)
F∞ is Inv

(inv(σ))
F∞ .

The fact that (G, V ) is coregular implies that if I ∈ InvC has nonzero discrimi-

nant, then the set of elements in VC having invariant I consists of one GC-orbit. In

conjunction with the first fact stated in Step 1 of Section 3.1, we infer that for a fixed

σ ∈ ΣV,∞ and an element I ∈ Inv(inv(σ))F∞ , the set of elements in V
(σ)
F∞ having invariants

I consists of one GF∞-orbit. Therefore, to construct a fundamental domain for the

action of GF∞ on V
(σ)
F∞ , it suffices to pick one element in V

(σ)
F∞ having invariants I for

each I ∈ Inv
(inv(σ))
F∞ . We have already constructed fundamental sets for the action of
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GR on V
(i)

R for i ∈ {0, 1, 2+, 2−}. The following is a fundamental set for the action
of GC on V

(Δ �=0)
C :

RV :=

{
λ
(
x3y − I

3
xy3 − J

27
y4
)
: (I, J) ∈ C× C, H(I, J) = 1, λ ∈ C×

}
.

Then R(σ) :=
∏

iR
(σi) is a fundamental set for the action of GF∞ on V

(σ)
F∞ that

satisfies the following two properties:

1. If v ∈ Rσ has height X, then the coefficients of v are bounded by O(X1/6)

independent of v.

2. γ ·Rσ is also a fundamental set for the action of GF∞ on VF∞ for γ ∈ GF∞ .

We now construct a Siegel set S in GF∞ such that a fundamental domain for

the action of Γ on GF∞ is contained in a finite union of GF -translates of S. Let

GF∞ = NTK be the Iwasawa decomposition of GF∞ , where N ⊂ GF∞ is the subgroup

of unipotent lower triangular matrices, T ⊂ GF∞ is the maximal split torus consisting

of diagonal matrices, and K ⊂ GF∞ is a maximal compact subgroup. Let N ′ ⊂ N be

a fundamental domain for the action of N ∩GO on N . Since there exists a bounded

fundamental set for the action of O on F∞, we may assume that N ′ is bounded. Let

T ′c,C ⊂ T be the following set:

T ′c,C =

{(( t1
t−1
1

)
, . . . ,

( tr+s

t−1
r+s

))
: N(t1) > c,

N(t1)

C
≤ N(ti) ≤ CN(t1)∀i

}
.

We define the Siegel domain Sc,C to be N ′T ′c,CK. Theorem 11 in [17] asserts that

GF∞ = ∪iGOgiSc,C for suitable c, C if and only if GF = ∪iGOgiNFTF . By considering

the action of GF/NFTF on P1(F ), it is seen that we may find finitely many gi such

that GF = ∪iGOgiNFTF . Since Γ is commensurable with GOF
, it follows that there

exist nonzero positive real numbers c and C along with a finite set of elements {gi :

1 ≤ i ≤ k} ⊂ GF such that ∪igiSc,C contains a fundamental domain for the action
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of Γ on GF∞ . We fix FΓ to be one such fundamental domain.
Consider the multiset FΓ · R(σ), where the multiplicity of v ∈ VF∞ in FΓ · R(σ) is

#{(γ, v′) : γ ∈ FΓ, v′ ∈ R(σ), γ · v′ = v}. We shall need the following proposition

whose proof exactly follows the discussion surrounding [7, (8)].

Proposition 3.3.2. The Γ-orbit of v ∈ V
(σ)
F∞ is represented #Aut(σ)/#StabΓ(v)

times in the multiset FΓ ·R(σ).

Proof. Given v ∈ V (σ)
F∞ , there exists a unique vR ∈ R(σ) such that vR is GR-equivalent

to v. Suppose g · vR = v, for g ∈ GR. Then g
′ · vR is in the Γ-orbit of v if and only if

g and g′ map to the same element in the double coset space

Γ\GF∞/AutGF∞ (v).

The number of such double cosets in the right single coset Γ·g is #AutGF∞ (v)/#AutΓ(v).

Therefore, the number of times that the Γ-orbit of v is represented in the multi-

set FΓ · R(σ) is #AutGF∞ (v)/#AutΓ(v) which is equal to #Aut(σ)/#StabΓ(v) from

Lemma 3.3.1.

Since g · R(σ) is also a fundamental set for the action of GF∞ on V
(σ)
F∞ , for any

g ∈ GF∞ , we obtain the following theorem which follows from Proposition 3.3.2.

Theorem 3.3.3. Let Γ ⊂ GF∞ be a subgroup commensurable with GO and let L ⊂
V
(σ)
F∞ be a Γ-invariant set. Then for any g ∈ GF∞, we have

N(L,Γ;X) = 1

#Aut(σ)
#{FΓg ·R(σ)(X) ∩ L}.
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3.4 Averaging and cutting off the cusp

Let G0 be a nonempty open bounded left K-invariant set in GF∞ . Using Theo-

rem 3.3.3, we may write

N(L,Γ;X) =
∫

h∈G0
#{x ∈ FΓh ·R(σ)(X) ∩ L}dh
#Aut(σ)

∫
h∈G0

dh
, (3.11)

where dh is any Haar-measure on GF∞ . The denominator of the right hand side of the

above equation is a positive constant which we denote by C
(σ)
G0
. We now estimate the

numerator in the right hand side of (3.11) following [7, (11)–(16)]. Given x ∈ V
(σ)
F∞ ,

let xR denote the (unique) point in R(σ) that is GF∞-equivalent to x. We have

N(L,Γ;X) = 1

C
(σ)
G0

∑
x∈L

H(x)≤X

∫
h∈G0

#{g ∈ FΓ : x = gh · xR}dh. (3.12)

There exist #Aut(σ) elements gi ∈ GF∞ satisfying gi · xR = x. We then have

∫
h∈G0

#{g ∈ FΓ : x = gh·xR}dh =
∑

i

∫
h∈G0

#{g ∈ FΓ : gh = gi}dh =
∑

j

∫
h∈G0∩F−1

Γ gi

dh.

Since dh is GF∞-invariant, we have

∑
i

∫
h∈G0∩F−1

Γ gi

dh =
∑

i

∫
h∈G0g−1

i ∩F−1
Γ

dh =
∑

i

∫
h∈FΓ

#{g ∈ G0 : hg = gi}dh

=

∫
h∈FΓ

#{g ∈ G0 : x = hg · xR}dh.

It thus follows that

N(L,Γ;X) =
1

C
(σ)
G0

∑
x∈L

H(x)≤X

∫
h∈FΓ

#{g ∈ G0 : x = hg · xR}dh

=
1

C
(σ)
G0

∫
h∈FΓ

#{x ∈ L ∩ hG0 ·R(σ)(X)} dh.
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Let us write B(h,X) = hG0 ·R(X) so that we have

N(L,Γ;X) = 1

Cσ
G0

∫
h∈FΓ

#{x ∈ L ∩B(h;X)}dh. (3.13)

Let h = nak ∈ GF∞ , where n, a, and k are the factors of g with respect to the

Iwasawa decomposition. If a is given by

a =
(( t1

t−1
1

)
, . . . ,

( tr+s

t−1
r+s

))
,

we define t(h) to be |t1|ν1 . The purpose of t(h) is to quantify where h ∈ S is located

in the cusp. The larger t(h) is, the higher h is in the cusp. Note that it does not make

much difference to choose t(h) = |ti(h)|νi
for some other i ∈ {1, . . . , r + s}; they are

all within a constant multiple of each other by construction of S. Our next aim is to

show that if t(h) is large enough for h ∈ SC,c, then any element in g
−1
i L ∩ B(h;X)

for i ∈ {1, . . . , k} is reducible because its x4-coefficient is 0.

Proposition 3.4.1. There exists an absolute constant c0 > 0 such that if t(h) >

c0X
1/24 then g−1i Lirr ∩ B(h;X) is empty for h ∈ SC,c and gi ∈ {g1, . . . , gk}. Equiva-

lently, if t(h) > c0X
1/24 for h ∈ giSC,c, then L ∩B(h;X) is empty.

Proof. Let v = (v1, . . . , vr+s) ∈ VF∞ where vi = aix
4+bix

3y+cix
2y2+dixy

3+eiy
4 is a

binary quartic form with either real or complex coefficients depending on whether i ≤
r or not, respectively. Denote the (r + s)-tuple (a1, . . . , ar+s) by a(v) and

∏r+s
i=1 |ai|νi

by N(a(v)). Since g−1i L is commensurable with VO, the possible nonzero values of

N(a(v)) is bounded from below by an absolute nonzero constant κ independent of

gi. It is clear from the description of SC,c that if N(t(h)) � X1/24 for h ∈ SC,c,

then N(a(h · v))) � X−n/6N(a(v)). Since N(a(v)) = O(Xn/6) for v ∈ R(σ)(X),

there exists an absolute constant c0 such that if t(h) > c0X
1/24 for h ∈ SC,c, then

N(a(h · v))) < κ for any v ∈ R(σ)(X/2, X). Then any point v ∈ g−1i L ∩ B(h,X) will
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satisfy N(a(v)) = 0 implying that it is reducible (since its x4-coefficient is 0).

Therefore, we have

N(Lirr,Γ;X) = 1

C
(σ)
G0

∫
h∈FΓ

t(h)<c0X1/24

#{Lirr ∩B(h;X)}dh.

Let Lred denote the set of reducible points in L. In the next section, we show that

the right hand side of the above equation with Lirr replaced by Lred is bounded by

o(X5n/6). Therefore, we may use Theorem 2.1.1 to obtain the following:

N(Lirr,Γ;X) = 1

C
(σ)
G0

∫
h∈FΓ

t(h)<c0X1/24

#{L ∩B(h;X)}dh+ o(X5n/6)

=
1

C
(σ)
G0

∫
h∈FΓ

t(h)<c0X1/24

(
VolL(B(h;X)) +O(MP(B(h;X))

)
dh+ o(X5n/6),

where the volume VolL is taken with respect with Euclidean measure on VF∞ nor-

malized so that the lattice L has covolume 1 and MP(B(h;X)) denotes the greatest

volume of the projection of B(h;X) onto a smaller dimensional coordinate subspace.

We will show that the main term grows like X5n/6. Thus, the error term of o(X5n/6)

is indeed smaller than the main term.

Analogously to Proposition 3.1.3, MP(B(h;X)) is bounded by O(t(h)4X(5n−1)/6).

Its integral in the above equation is then seen to be bounded by O(X
5n
6
− 1

12 ). The

integral of VolL(B(h;X)) over the region {h ∈ ∪k
i=0g

−1
i FΓ ∪ SC,c : t(h) ≥ c0X

1/24}
is also easily computed to be O(X

5n
6
− 1

12 ). Therefore, since the volume B(h;X) is

independent of h ∈ GF∞ , we may write

N(Lirr,Γ;X) =
1

#Aut(σ)
∫

G0
dh

∫
FΓ

Vol(B(h;X))dh

=
Vol(FΓ)VolL(G0 ·R(σ)(X))

#Aut(σ)Vol(G0)
,

(3.14)

where the volumes of sets in GF∞ are taken with respect to any Haar measure on GF∞ .
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3.5 Bounds on the number of reducible orbits

Let P be a prime ideal of O having sufficiently large norm to ensure that L ⊂ VOP

(i.e., the coefficients of elements in L are integral in OP) and that the reduction L
modulo P is all of VFq , where Fq = O/P. For any S ⊂ VFq , let LS denote the set of

elements in L whose reduction modulo P lies in S. Then our methods of the previous

section imply that

N(LS,Γ, X)� #S

#VFq

X5n/6.

For any prime power q, let V irr
Fq

denote the set of binary quartic forms in VFq that

are irreducible over Fq. Identically as when F = Q, we have:

N(Lred,Γ, X)�
∏

norm(P)<Y

(
1− #V irr

Fq

#VFq

)
X5n/6

for fixed Y > 0. As before, this follows because the reduction modulo P of a bi-

nary quartic form that is reducible over O is reducible over O/P. As in Step 3 of

Section 3.1, we deduce #V irr
Fq
/#VFq � 1/4. We thus obtain

N(Lred,Γ, X) = o(X5n/6)

as necessary.

3.6 Computing the volume

In this section, we compute the value of

Vol(FΓ)VolL(G0 ·R(σ)(X))

Vol(G0)
.
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The methods of Sections 3.3 and 3.4 imply that this quantity is independent of the

Haar measure we choose for GF∞ . Let ω be a differential which generates the rank

1 module of top-degree differentials of PGL2 over Z. Let dv be the usual Euclidean

measure on V normalized such that VZ has covolume 1 in VR under this measure. Fi-

nally, we impose the measure dr = dIdJ on Inv. With these measure normalizations,

we have the following theorem that is proven in [7, Section 3.3].

Theorem 3.6.1. Let K be R, C, or Zp for any prime p. Let R be an open subset of

InvK = K×K and let s : R→ VK be a differentiable function such that the invariants

of sI,J := s(I, J) are I and J . Then for any measurable function φ on VK, we have

1
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∫
R

∫
PGL2(K)

φ(g · sI,J)ω(g) dIdJ =

∫
v∈PGL2(K)·s(R)

φ(v)dv,

where we regard PGL2(K) · s(R) as a multiset.

By construction of the sets R(σ), we obtain a section κ : Inv
(α)
F∞ → R(σ) (with

α = inv(σ)) by sending the element (I, J) ∈ Inv
(α)
F∞ to the unique element in R(σ)

having invariants I and J . Let Inv
(α)
F∞(X) denote the set of elements in Inv

(α)
F∞ having

height bounded by X. Using Theorem 3.6.1, we may write

Vol(FΓ)VolL(G0 ·R(σ)(X))

Vol(G0)
=

∏
ν∈Arch(F )

∣∣∣∣ 127
∣∣∣∣
ν

Vol(FΓ)Vol(G0)Vol(Inv
(α)
F∞(X))

Vol(G0)covol(L) ,

where the volumes are taken with respect to the measure normalizations of Theo-

rem 3.6.1, and covol(L) denotes the covolume of L. Since L is a lattice commensurable
with O, we have

1

covol(L) =
∏
P

∫
LP

dv,

where LP denotes the completion of L in VFP
. Therefore, we have proven the following

theorem:
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Theorem 3.6.2. Let L ⊂ VF∞ be a Γ-invariant lattice and let L(σ) denote L ∩ V (σ)
F∞ .

Then we have

N(L,Γ;X) = 1

27n#Aut(σ)
Vol(FΓ)Vol(Inv(α)F∞(X))

∏
P

Vol(LP) + o(X5n/6),

where α = inv(σ).

3.7 Counting weighted orbits

For our applications, we need a more general version of Theorem 3.6.2, namely one

which allows us to count weighted Γ-orbits on L (where the weights are defined via

congruence conditions).

More precisely we say that a Γ-invariant function φ : L → [0, 1] ⊂ R is defined

by congruence conditions if, for all primes P, there exists functions φP : LP → [0, 1],

satisfying the following conditions:

1. For each v ∈ L, we have φP(v) = 1 for all but finitely many primes P.

2. For all v ∈ L, we have φ(v) =∏PφP(v).

3. For each prime P, the function φP is locally constant outside some set having

measure 0 in LP.

Then we have the following generalization of Theorem 3.6.2.

Theorem 3.7.1. Let φ : L → [0, 1] be a Γ-invariant function defined by congruence

conditions via the functions φP : LP → [0, 1]. Let Nφ(Lirr,Γ;X) denote the number

of Γ-orbits on Lirr having height bounded by X, where each orbit Γ · v is counted with

weight φ(v)
#StabΓ(v)

. Then we have

Nφ(L,Γ;X) ≤ 1

27n#Aut(σ)
Vol(FΓ)Vol(Inv(α)F∞(X))

∏
P

∫
v∈LP

φP(v)dv + o(X5n/6).
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Proof. For each prime P, there exist a decreasing sequence of functions 1 = ψP,0 ≥
ψP,1 ≥ . . . that converge pointwise to φP. We further assume that ψP,n is defined on

LP via congruence conditions modulo Pn. This means that the value of ψP,n(v) only

depends on the residue of v modulo Pn. For a fixed integer Y , we define the partial

weight φ(Y ) : L → [0, 1] as follows:

φ(Y )(v) :=
∏
P

ψP,n(Y,P)(v),

where n(Y,P) is uniquely determined by N(P)n ≤ Y < N(P)n+1. Note n(Y,P) = 0

when N(P) > Y . Therefore, ψP,n(Y,P) = ψP,0 = 1 for all but finitely many primes P.

This means that φ(Y ) is defined via congruence conditions modulo finitely many

primes. Theorem 3.6.2 then implies that

Nφ(Y )(Lirr,Γ;X) = 1

27n#Aut(σ)
Vol(FΓ)Vol(Inv(α)F∞(X))

∏
P

∫
v∈LP

φP,n(Y,P)(v)dv+o(X
5n/6).

Since φ ≤ φ(Y ) by construction, we have Nφ(Lirr,Γ;X) ≤ Nφ(Y )(Lirr,Γ;X). Letting
Y tend to infinity, we then obtain

Nφ(Lirr,Γ;X) ≤ 1

27n#Aut(σ)
Vol(FΓ)Vol(Inv(α)F∞(X))

∏
P

∫
v∈LP

φP(v)dv + o(X5n/6)

because limY→∞
∫
φP,n(Y,P)(v)dv =

∫
φP(v)dv by the bounded convergence theorem.

This concludes the proof of Theorem 3.7.1.
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Chapter 4

Counting rational orbits using a

mass formula

Let A ⊂ InvO = O2 be a subset that is defined by congruence conditions. This means

that

A = ∩PAP,

where AP is the closure of A in InvOP
= O2

P. We say that such a family A is nice

if, for primes P having sufficiently large norm, the set AP contains at least those

elements (I, J) ∈ O2
P such that P � I or P � J . If P | (2), then we further assume

that AP ⊂ 24OP× 26OP. Let A(X) denote the set of elements in A having height

bounded by X. Our aim in this chapter is to obtain upper bounds for the number of

GF -orbits on locally soluble elements in VF having invariants in A(X).
This chapter, which is the analogue over number fields of [7, §3.2], is organized

in the following way. In Section 4.1, we describe finitely many lattices Li ⊂ VF that

are commensurable with VO such that every locally soluble GF -orbit on VF having

integral invariants is contained in at least one of these lattices. In the next section, we

find groups Γi ⊂ GF commensurable with GO such that Γi acts on Li. We then define

a “global mass” m : VF → R having the following property: the number of locally
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soluble GF -orbits on VF having invariants in A(X) is equal to the number of Γi-orbits

on Li (summed over all lattices Li) such that each orbit Γi · v is counted with weight
m(v). We then define “local masses” mP : VFP

→ R such that m(v) =
∏

PmP(v) for

v ∈ VF . Finally, in Section 4.4, we evaluate the “local mass integral”
∫

VOP

mP(v)dv.

4.1 Finding integral elements in a rational orbit

Recall that a binary quartic form f ∈ VF is said to be locally soluble if the equation

z2 = f(x, y) has nontrivial solutions over Fν for every completion ν of F . Our first

aim is to find appropriate lattices L ⊂ VF commensurable with VO such that every

locally soluble GF -orbit on VF having invariants in A contains some element of L.
The following important result of Cremona, Fisher, and Stoll allows us to do this.

Theorem 4.1.1 ([16]). Let FP be a nonarchimedean local field and let f ∈ VFP
be a

FP-soluble element having integral invariants (I, J) ∈ O2. If P | (2), then we further

assume that 24 | I and 26 | J . Then there exists γ ∈ GFP
such that γ · f ∈ VOP

.

Therefore, if a locally soluble element v ∈ VF has invariants in A, then for every
prime P, there exists γP(v) ∈ GFP

with γP(v) · v ∈ VOP
. In the case when GF has

class number 1, it follows that there exists γ(v) ∈ GF such that γ(v) · v ∈ VOP
for all

primes P. This implies that γ(v) ·v ∈ VO. Our results from the previous chapter may

then be used to count GF -orbits on locally soluble elements in VF having invariants

in A. To handle the case when GF has class number greater than 1, we proceed as

follows.

Let A denote the ring of adeles of F and let Af denote the ring of finite ade-

les. The strong approximation theorem for GF implies that GAf
is a finite union of

(
∏
GOP

, GF ) double cosets. We may thus write

GAf
=

cl∐
i=1

(∏
P

GOP

)
βiGF , (4.1)
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where cl is the class number of GF and βi ∈ GAf
(see [19, Theorem 5.1]). For

convenience, we shall denote the set {βi : 1 ≤ i ≤ cl} by Cl.
Now, given any v ∈ VF having invariants in A, the element (γP(v))P ∈ GAf

may

be expressed as

(γP(v))P = (δP)P · β · γ(v),

where β ∈ Cl, δP ∈ GOP
, and γ(v) ∈ GF . let βP denote the P-component of β. Then

since γP(v) · v ∈ VOP
for all P and δP ∈ VOP

, we have

βPγ(v) · v ∈ VOP
(4.2)

for all P.

For β ∈ Cl, we define Lβ to be the set of all elements v ∈ VF such that v ∈ β−1P VOP

for all P. The following theorem is a consequence of (4.2).

Theorem 4.1.2. Let notation be as above. If v ∈ VF is any element having invariants

in A, then there exists β ∈ Cl such that v is GF -equivalent to an element in Lβ.

4.2 Attaching a global mass to v ∈ VF
Since βP ∈ GOP

for all but finitely many primes P, it follows that Lβ is a lattice

in VF commensurable with VO. Let Γβ be the group of all g ∈ GF such that g ∈
β−1P GOP

βP for all primes P. Then Γβ is a subgroup of GF commensurable with GO

that preserves Lβ.

Denote the set of locally soluble elements in VF by V ls
F . Let N(VF , GF ;A(X))

denote the number of GF -orbits on V
ls
F having invariants in A(X), where each orbit

GF · v is counted with weight 1/#AutGF
(v). Let v ∈ VF be an element such that

inv(v) ∈ A. For each β ∈ Cl(GF ), let vβ,1, . . . , vβ,kv(β) be a set of representatives for
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the action of Γβ on Lβ ∩GF · v. We define the “mass function” m : VF → R to be

m(v) :=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1

#AutGF
(v)

⎛
⎝∑

β

kv(β)∑
i=1

1

#AutΓβ
(vβ,i)

⎞
⎠
−1

if inv(v) ∈ A and v ∈ V ls
F ;

0 otherwise.

(4.3)

Note that m(v) is well-defined by Theorem 4.1.2.

Let Nm(Lβ,Γβ;X) denote the number of Γβ-orbits on Lβ having height bounded

by X, such that each orbit Γβ · v is counted with weight m(v)
#AutΓβ

(v)
. The significance

of the mass function m is seen in the following proposition.

Proposition 4.2.1. We have

N(GF , VF ;A(X)) =
∑

β

Nm(Lβ,Γβ;X). (4.4)

Proof. Every locally soluble GF -orbit GF · v having invariants in A is counted with

weight 1/#AutGF
(v) in the left hand side of (4.4). In the right hand side the orbit

GF · v is counted with weight

∑
β

kv(β)∑
i=1

m(v)

#AutΓβ
(vβ,i)

=
1

#AutGF
(v)

⎛
⎝∑

β

kv(β)∑
i=1

1

#AutΓβ
(vβ,i)

⎞
⎠
−1⎛
⎝∑

β

kv(β)∑
i=1

1

#AutΓβ
(vβ,i)

⎞
⎠ ,

where the equality follows from the definition of m(v) in (4.3). This concludes the

proof of the proposition.

In the rest of this section, we express m(v) in a more convenient form. Let

GF (Lβ, v) denote the set

GF (Lβ, v) := {γ ∈ GF : γ · v ∈ Lβ}.

It is clear that Γβ acts on GF (Lβ, v) from the left and AutGF
(v) acts on it on the
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right. We have a map from Γβ\GF (Lβ, v) to the set of Γβ-orbits on Lβ ∩GF · v given
by Γβg �→ Γβg · v. This is clearly a surjective map between finite sets. Two elements
Γβg1 and Γβg2 map to the same orbit under this map if and only if g1 and g2 map to

the same element in the double coset space

Γβ\GF (Lβ, v)/AutGF
(v).

Therefore, the number of elements in Γβ\GF (Lβ, v) that map to the same orbit Γβ ·v′

is equal to #AutGF
(v)/#AutΓβ

(v′). This yields the following important result:

Theorem 4.2.2. Let v ∈ VF be a locally soluble binary quartic form having invariants

in A. Then

1

m(v)
= #AutGF

(v)

⎛
⎝∑

β

kv(β)∑
i=1

1

#AutΓβ
(vβ,i)

⎞
⎠ =

∑
β

#(Γβ\GF (Lβ, v)). (4.5)

4.3 Attaching a local mass to v ∈ VFP

In order to evaluate Nm(Lβ,Γβ;X), we shall need to write m as a product of “local

mass functions”. Let P ⊂ O be a prime ideal and let V sol
FP

⊂ VFP
be the set of

FP-soluble binary quartic forms. We now define a local mass function mP : VFP
→ R

that depends on AP. Analogously to the previous section, we consider the GFP
-

equivalence class of v in VOP
and let v1, . . . , vkv be representatives for the action of

GOP
on this set. For v ∈ VFP

, we define mP(v) to be

mP(v) :=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1

#AutGFP
(v)

(
kv∑
i=1

1

#AutGOP
(vi)

)−1
if inv(v) ∈ AP and v ∈ V sol

FP
;

0 otherwise.

(4.6)
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Our purpose in the rest of this section is to prove that m(v) =
∏

PmP(v) for all

v ∈ VF .

To this end, let GFP
(v) be the set of elements g ∈ GFP

such that g · v ∈ VOP
.

Though GFP
(v) is not a group, GOP

acts on it from the left. As before, if mP(v) �= 0,

then

1

m(v)
= #AutGFP

(v)

(
kv∑
i=1

1

#AutGOP
(vi)

)
= #(GOP

\GFP
(v)). (4.7)

We are now in a position to prove the following important theorem:

Theorem 4.3.1. Let v ∈ VF be any element. Then

m(v) =
∏
P

mP(v).

Proof. We first show that m(v) = 0 if and only if
∏

PmP(v) = 0. Suppose v ∈ VF

satisfies m(v) = 0. Then either inv(v) �∈ A or v �∈ V ls
F . Since A is defined by

congruence conditions, this implies that either inv(v) �∈ AP for some P or v �∈ V sol
FP

for some P. Thus, it follows that mP(v) = 0. Conversely, if
∏

PmP(v) = 0, then

because mP(v) = 1 for all but finitely many primes P, we have mP(v) = 0 for some

prime P. It then follows that inv(v) �∈ AP or v �∈ V sol
FP
. In either case, we obtain

m(v) = 0.

Now suppose that v ∈ VF is a locally soluble binary quartic form having invariants

in A. Then m(v) �= 0. From (4.5) and (4.7) it suffices to prove that the following

equality holds: ∑
β∈Cl

#(Γβ\GF (Lβ, v)) =
∏
P

#(GOP
\GFP

(v)).

To do this, consider the map

φ :
⋃
β

Γβ\GF (Lβ, v) →
∏
P

(GOP
\GFP

(v))

Γβ · γ �→ (GOP
· (βPγ))P.

(4.8)
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By definition, γ · v ∈ Lβ for γ ∈ GF (Lβ, v), which implies that βPγ · v ∈ VOP
. Thus

φ is well defined. We now prove that φ is a bijection, thereby proving Theorem 4.3.1.

Injectivity of φ: If there exists β ∈ Cl and β′ ∈ Cl along with γ ∈ GF (Lβ, v)

and γ′ ∈ GF (L′β, v) such that φ(Γβγ) = φ(Γβ′γ
′), then it follows that βPγ and

β′Pγ
′ are GOP

-equivalent, for all P. Therefore, there exist gP ∈ GOP
such that

βPγ = gPβ
′
Pγ

′ for all primes P. The strong approximation theorem for G (4.1) now

implies that β = β′. Furthermore, we have γγ′−1 ∈ β−1P GOP
βP for all P. In other

words, γγ′−1 ∈ Γβ as necessary.

Surjectivity of φ: If (hP)P ∈
∏

P(GOP
\GFP

(v)), then (4.1) implies that we may

write (hP)P = (gP)Pβγ, where γ ∈ GF , β ∈ Cl, and gP ∈ GOP
for all P. We claim

that γ ∈ GF (Lβ, v), which would show that φ(Γβγ) = (hP)P. We know that hP · v ∈
VOP

from which it follows that γ · v ∈ β−1P ·VOP
. This implies that γ ∈ GF (Lβ, v) and

thus (hP)P is in the image of φ. This concludes the proof of Theorem 4.3.1.

4.4 Evaluating the mass integral

Our aim in this section is to evaluate the mass integral
∫

VOP

mP(v)dv.

For each pair I = (I, J) ∈ A, let BP(I) ⊂ VOP
be a set containing one element

in each soluble GOP
-orbit on the elements in VOP

having invariant I ∈ A. The set
GOP

·BP(I) is a multiset in which every soluble element v with inv(v) = I is counted

with multiplicity #AutGOP
(v). Consider the multiset SAP

defined by

SAP
:=
⋃
I∈A

GOP
·BP(I).

We have ∫
VOP

mP(v)dv =

∫
SAP

mP(v)

#AutGOP
(v)

dv.

Since mP is GOP
-invariant (in fact, it is GFP

-invariant), Proposition 3.6.1 implies
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that

∫
SAP

mP(v)

#AutGOP
(v)

dv = |J |PVol(GOP
)

∫
I∈AP

⎛
⎝ ∑

v∈BP (I)

mP(v)

#AutGOP
(v)

⎞
⎠ dI.

For v ∈ BP(I), let v = v1, v2, . . . , vk(v) be the set of elements in BP(I) that are

GFP
-equivalent to v. Then, from the definition of mP(v), we have

k(v)∑
i=1

mP(vi)

#AutGOP
(vi)

=
1

#AutGFP
(v)

⎛
⎝k(v)∑

i=1

1

#AutGOP
(vi)

⎞
⎠
−1⎛
⎝k(v)∑

i=1

1

#AutGOP
(vi)

⎞
⎠

=
1

#AutGFP
(v)

.

Therefore, we have

∑
v∈BP (I)

mP(v)

#AutGOP
(v)

=
∑

v∈B′P (I)

1

#AutGFP
(v)

,

where B′P(I) is a set consisting of one element for each GFP
-equivalence class on the

elements in VOP
having invariant I. For I ∈ A, we know that every element in VFP

having invariant I is GFP
-equivalent to an element in VOP

. Therefore, we may write

∫
VOP

mP(v)dv = |J |PVol(GOP
)

∫
I∈AP

MP(I)dI,

where MP(I) is given by

MP(I) :=
∑

GFP
\V inv=I

FP

1

#AutGFP
(v)

.

In the above equation, GFP
\V inv=I

FP
is a set consisting of representatives for the action

of GFP
on the set of soluble elements in VFP

having invariant I.

To evaluate MP(I), we have the following proposition whose proof is identical to
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that of [11, Lemma 3.1].

Proposition 4.4.1. Let E be an elliptic curve over FP. We have

#(E(FP)/2E(FP)) = #E[2](FP)#(OP/2OP).

Proof. A well-known result of Lutz (see, e.g., [21, Chapter 7, Proposition 6.3] for

a proof) asserts that there exists a subgroup M ⊂ E(FP) of finite index that is

isomorphic to OP. Let G denote the finite group E(FP)/M . Then by applying the

snake lemma to the following diagram

0

��

��M

[2]

��

�� E(FP)

[2]

��

�� G

[2]

��

�� 0

��

0 ��M �� E(FP) �� G �� 0

we obtain the exact sequence

0→M [2]→ E(FP)[2]→ G[2]→M/2M → E(FP)/2E(FP)→ G/2G→ 0.

Since G is a finite group and M is isomorphic to OP, Proposition 4.4.1 follows.

Fix I = (I, J) ∈ A. Theorem 2.2.1 states that if v ∈ VF has invariants I and J ,

then we have

#(GFP
\V inv=I

FP
) = #(E(I,J(FP)/2E

I,J(FP)),

#AutGFP
(v) = #EI,J [2](FP).

Therefore, Proposition 4.4.1 implies that MP(I) = #(OP/2OP). We summarize this

section in the following theorem:

Theorem 4.4.2. With notation as above, we have:

∫
VOP

mP(v)dv = |J |P ·#(OP/2OP) · Vol(GOP
) ·
∫
I∈AP

dI.
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Chapter 5

The average number of elements in

the 2-Selmer group of elliptic

curves over F

Let A ⊂ O2 be a set that is defined via congruence conditions. Recall that this means

A = ∩PAP

where AP is the completion of A in O2
P. We say that such a family is nice if for

primes P having sufficiently large norm, the set AP contains at least those elements

(I, J) ∈ O2
P such that P � I or P � J . If P | (2), we further assume that 24 | I and

26 | J for (I, J) ∈ AP.

Let EA be the family of elliptic curves over F defined by

EA := {EI,J : y2 = x3 − I

3
x+

B

27
| (I, J) ∈ A, Δ(I, J) �= 0}.
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We impose the following height on elements in EA:

H(EI,J) := H(I, J),

where H(I, J) was defined in (3.2). In this chapter, we prove that the average size of

the 2-Selmer group of elliptic curves in EA, when ordered by height, is at most 3.

5.1 Counting elliptic curves in EA having bounded

height

Let N(EA;X) denote the number of elements in EA having height bounded by X.

In this section, we obtain asymptotics for N(EA). Techniques identical to the proof
of Theorem 3.7.1 will yield upper bounds on N(EA;X). However, obtaining lower

bounds is more difficult, and to do so we need the following “uniformity estimate”.

Lemma 5.1.1. For a prime P, let W(P)(EA) denote the set EI,J ∈ EA such that

P | I and P | J . Then we have

#{E ∈ W(P)(EA) : H(E) < X} = O
( X5n/6

N(P)5/3

)
, (5.1)

where the implied constant is independent of P.

Proof. The left hand side of (5.1) is bounded above by the number of integer pairs

(0, 0) �= (I, J) ∈ A ⊂ O2 with H(I) ≤ X1/3, H(J) ≤ X1/2, P | I, and P | J . From
Corollary 2.1.2, we obtain that

#{0 �= a ∈ O : H(a) < Y, P | a} =

⎧⎪⎨
⎪⎩

O(Y n/N(P)) if N(P) ≤ N(Y ) = Y n;

0 if N(P) > Y n.
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It therefore follows that

#{E ∈ W(P)(EA) : H(E) < X} =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

O(X5n/6/N(P)2) if N(P) ≤ Xn/3;

O(Xn/2/N(P)) if Xn/3 < N(P) ≤ Xn/2;

0 if N(P) > Xn/2.

(5.2)

Lemma 5.1.1 follows easily from (5.2).

Recall that we had defined the space ΣInv∞ to be {−1, 1}r, where r is the number

of real embeddings of F . Consider the map

st : Inv
(Δ �=0)
F∞ → ΣInv∞

(Ii, Ji)i≤r+s �→ (sign(Δ(Ii, Ji)))i≤r

(5.3)

which sends an element of Inv
(Δ �=0)
F∞ to its “splitting type”. We had previously used

st to write InvF∞ as a finite union

Inv
(Δ �=0)
F∞ =

⋃
α∈ΣInv∞

Inv
(α)
F∞ ,

where Inv
(α)
F∞ consists of the elements in Inv

(Δ �=0)
F∞ having splitting type α. We corre-

spondingly write EA as a finite union

EA =
⋃

α∈ΣInv∞

E (α)A ,

where E (α)A is defined to be the set of EI,J in EA such that st(I, J) = α. We are now

prepared to prove the main theorem of this section.

Theorem 5.1.2. Let N(E (α)A ;X) denote the number of elements in E (α)A having height
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bounded by X. Then we have

N(E (α)A ;X) = Vol(Inv
(α)
F∞(X))

∏
P

∫
I∈AP

dI+ o(X5n/6).

Proof. By assumption, A is a subset of O2 defined by (possibly infinitely many)

congruence conditions. For any finite subset S of these conditions, let A(S) denote

the subset of elements in O2 that satisfy S. Then we have

#{Inv(α)F∞(X) ∩ A(S)} = Vol(Inv
(α)
F∞(X))

∏
P

∫
I∈A(S)

P

dI+O(X(5n−2)/6),

where A(S)
P denotes the closure of A(S) in O2

P. Taking the limit as S tends towards

the set of all congruence conditions that are used to define A, we then obtain

#{Inv(α)F∞(X) ∩ A} ≤ Vol(Inv
(α)
F∞(X))

∏
P

∫
I∈AP

dI+ o(X5n/6).

We now obtain a lower bound for #{Inv(α)F∞(X) ∩ A}. Assume that S contains

all the mod P congruence conditions used to define A for N(P) ≤ Y . Then the

uniformity estimate in Lemma 5.1.1 implies that we have

#{Inv(α)F∞(X) ∩ A(S)} ≤ Vol(Inv
(α)
F∞(X))

∏
P

∫
I∈A(S)

P

dI+O
( ∑
N(P)>Y

X5n/6

N(cp)5/3

)
.

This yields Theorem 5.1.2 because
∑

PN(cp)
−5/3 converges.

5.2 Proof of the main theorem

We now prove the following theorem from which the main theorems follow.
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Theorem 5.2.1. Let E (α)A be as in the previous section. Then we have

lim
X→∞

∑
E∈E(α)

A
H(E)<X

#S2(E)− 1

∑
E∈E(α)

A
H(E)<X

1
≤ 2. (5.4)

Proof. From Theorem 5.1.2, we know that the denominator of the left hand side of

(5.4) is equal to

Vol(Inv
(α)
F∞(X)) ·

∏
P

∫
I∈AP

dI+ o(X5n/6).

From Theorem 2.2.1, we see that the numerator of (5.4) is equal toN(GF , V
(α)
F ;A(X)),

the number of locally soluble GF -orbits on VF having invariants in A(X) and split-
ting type σ satisfying inv(σ) = α, where each GF -orbit GF · v counted with weight

1/#StabGF
(v). Let Σ(α) ⊂ ΣV,∞ be the set of those soluble splitting types σ such

that inv(σ) = α. Then (4.4) implies that

N(GF , V
(α)
F ;A(X)) =

∑
σ∈Σ(α)

∑
β∈Cl

Nm(L(α)β ,Γβ;X),

where m is the mass function defined in (4.3). From Theorem 3.7.1, we then see that

the numerator of the left hand side of (5.4) is bounded above by

1

27n

∑
σ∈Σ(α)

1

#Aut(σ)

∑
β∈Cl

Vol(FΓβ
)Vol(Inv

(α)
F∞(X))

∏
P

∫
LβP

mP(v)dv + o(X5n/6).

It is easy to compute that
∑

σ∈Σ(α)
1

#Aut(σ)
= 1

2n for all α. Since mP is GFP
-invariant,

we have
∫
LβP

mP(v)dv =
∫
OP

mP(v)dv. Therefore, using Theorem 4.4.2 and taking

43



ratios, we see the left hand side of (5.4) is bounded above by

1

27n
· 1
2n

∑
β∈Cl

Vol(FΓβ
)
∏
P

(∣∣∣∣ 127
∣∣∣∣
P

#(OP/2OP)Vol(GOP
)

)
.

Using the product formula and the fact that
∏

P#(OP/2OP) = 2n, we see that the

above expression is equal to

∑
β∈Cl

Vol(FΓβ
)
∏
P

Vol(GOP
) = τ(GF ) = 2,

where τ(GF ) is the Tamagawa number ofGF . This concludes the proof of the theorem.
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